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Figure 1: phasors
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Figure 2: The Real and Imaginary Parts of the Spectrum

(b) (a) From the spectrum, there are two periodic components and one DC component:

at 0 Hz, amp. 11 ! 11

at � 50 Hz, amp. 7e�j�=3 ! 7 � 2 cos
�

50(2�)t � �

3

�

at � 175 Hz, amp. 4e�j�=2 ! 4 � 2 cos
�

175(2�)t � �

2

�

so,
x(t) = 11 + 14 cos

�

100�t � �

3

�

+ 8 cos
�

350�t � �

2

�

(b) A sum of periodic functions is also periodic. The period will be the least common
multiple of the two periods:

T1 = 1=50 sec T2 = 1=175 sec

The least common multiple is 2/50 = 7/175 = 1/25, so the overall period is
T = 1=25 sec.
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Problem 3: Fourier Series

Determine the Fourier series for the following periodic signals of period To:

(a)
x(t) = t2; 0 � t < To

(b)

x(t) =

�

t; 0 � t < To=2
1; To=2 � t < To

SOLUTION : Mathematica is your friend

Problem 3(a)

For k not equal to zero:

In[1]:= 2/T * Integrate[t�2 * Exp[-I * 2 * p * k * t/T],{t,0,T}]

Out[1]=
2 I ä T3

4 k3 p3
+
ª-2 ä k p (-ä+2 k p+2 ä k2 p2) T3

4 k3 p3
M

T

In[2]:= Simplify[%,Element[k,Integers]]

Out[2]=
(1 + ä k p) T2

k2 p2

Xk =
(1 + i k �) T 2

k2 �2

For k equal to zero:

In[3]:= 1/T * Integrate[t�2,{t,0,T}]

Out[3]=
T2

3

X0 =
T 2

3

In[4]:= Coeff1[k ,T ] :=
2 I ä T3

4 k3 p3
+
ª-2 ä k p (-ä+2 k p+2 ä k2 p2) T3

4 k3 p3
M

T

In[5]:= Plot1[num ] := Plot[Re[1/3 + ComplexExpand[FullSimplify[

Sum[Coeff1[k,1] * Exp[2 * p * I * k * x/1],{k,1,num}]]]],{x,0,2}]

In[6]:= Show[GraphicsArray[{Plot1[5],Plot1[15]} ]]
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Plots of the First 5 and 15 Terms for 3(a)

Out[6]= -GraphicsArray-

In[7]:= Plot1Err[num ] :=

Plot[x * x - Re[1/3 + ComplexExpand[FullSimplify[Sum[Coeff1[k,1] * Exp[

2 * p * I * k * x/1],{k,1,num}]]]],{x,0,1},PlotRange fi All]

In[8]:= Show[GraphicsArray[{Plot1Err[5],Plot1Err[15]} ]]
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Plots of the Error (true value - series value) for the First 5 and 15 Terms for 3(a)

Out[8]= -GraphicsArray-
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Problem 3(b)

For k not equal to zero:

In[9]:= 2/T * (Integrate[t * Exp[-I * 2 * p * k * t/T],{t,0,T/2}]+

Integrate[1 * Exp[-I * 2 * p * k * t/T],{t,T/2,T}] )

Out[9]=
2 I - ä ª-ä k p T2 k p + ä ª

-2 ä k p T
2 k p - T2

4 k2 p2
+
ª-ä k p (1+ä k p) T2

4 k2 p2
M

T

In[10]:= Simplify[%,Element[k,Integers]]

Out[10]=
(-1 + (-1)k) T + ä k p (2 - 2 (-1)k + (-1)k T)

2 k2 p2

In[11]:= Expand[%]

Out[11]=
ä

k p
-
ä (-1)k

k p
-

T

2 k2 p2
+
(-1)k T

2 k2 p2
+
ä (-1)k T

2 k p

Xk =

�

�1 + (�1)k
�

T + i k �
�

2 � 2 (�1)k + (�1)k T
�

2 k2 �2

For k equal to zero:

In[12]:= 1/T * (Integrate[t,{t,0,T/2}] + Integrate[1,{t,T/2,T}] )

Out[12]=
T
2 +

T2

8

T

In[13]:= Simplify[%]

Out[13]=
4 + T

8

X0 =
4 + T

8

In[14]:= Coeff2[k ,T ] :=
(-1 + (-1)k) T + ä k p (2 - 2 (-1)k + (-1)k T)

2 k2 p2

In[15]:= Plot2[num ] := Plot[Re[5/8 + ComplexExpand[FullSimplify[

Sum[Coeff2[k,1] * Exp[2 * p * I * k * x/1],{k,1,num}]]]],{x,0,2}]
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In[16]:= Show[GraphicsArray[{Plot2[5],Plot2[15]} ]]
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Plots of the First 5 and 15 Terms for 3(b)

Out[16]= -GraphicsArray-

In[17]:= fun2[t ] := If[t < 0.5,t,1]

In[18]:= Plot2Err[num ] := Plot[

fun2[x] - Re[5/8 + ComplexExpand[FullSimplify[Sum[Coeff2[k,1] * Exp[

2 * p * I * k * x/1],{k,1,num}]]]],{x,0,1},PlotRange fi All]

In[19]:= Show[GraphicsArray[{Plot2Err[5],Plot2Err[15]} ]]
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Plots of the Error (true value - series value) for the First 5 and 15 Terms for 3(b)

Out[19]= -GraphicsArray-
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The question we should have asked (keep the function contin-
uous over the interval)

For k not equal to zero

In[20]:= 2/T * (Integrate[t * Exp[-I * 2 * p * k * t/T],{t,0,T/2}]+

Integrate[T/2 * Exp[-I * 2 * p * k * t/T],{t,T/2,T}] )

Out[20]=
2 I - T2

4 k2 p2
+ ª

-ä k p (1+ä k p) T2

4 k2 p2
+ 1

2 T I -
ä ª-ä k p T

2 k p + ä ª
-2 ä k p T
2 k p

MM

T

In[21]:= Simplify[%,Element[k,Integers]]

Out[21]=
(-1 + (-1)k + ä k p) T

2 k2 p2

Xk =
(�1 + (�1)k + k �) T

2 k2 �2

For k equal to zero

In[22]:= 1/T * (Integrate[t,{t,0,T/2}] + Integrate[T/2,{t,T/2,T}] )

Out[22]=
3 T

8

X0 =
3 T

8

In[23]:= Coeff3[k ,T ] :=
(-1 + (-1)k + ä k p) T

2 k2 p2

In[24]:= Plot3[num ] := Plot[Re[3/8 + ComplexExpand[FullSimplify[

Sum[Coeff3[k,1] * Exp[2 * p * I * k * x/1],{k,1,num}]]]],{x,0,2}]

In[25]:= Show[GraphicsArray[{Plot3[5],Plot3[15]} ]]
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