yln]=x[n]-y[n-2]
x[n]=0[n]

1teration

y0]= x[0]- y[-2]=1-0=1
Y11= x[11-y[-11=0-0=0
y21= x[2]- y[0]=0—-1=~-1
y31=x[3]-)[11=0-0=0
M41= x[4]- )[2]=0— (1) =1

Remember:

72 = cos(d)z

X(2) = —
© 72 =2cos(0)z +1

g
x[n]= Cos(o?)n)u[n]

~ T 2r
D= =2
2 4

Solving impulse response

z-transform
Y(2)=X(2)-77Y(2)

(1+27)r @) = X @)

Y 1 system

H(z) = X (2) B (I_I_Z—z) function

1

)

2

Y(2)=H(()X(z) =

X(2)

Y ()= = 2

(1+z‘2) 27 +1

| Inverse z-transform (lookup)
2
yln]=h[n]= COS(TJT n)u[n]

y[n]=4{1,0,-1,0,1,...}



_ The signal has same z-transform
yInl=x[n]-yln-2] as system. The signal is the

! impulse response of the system
z-transform

H(2) = Y(z) — 1 z’ system zeros = roots(z”) = 0,0

= . - 2 o
X(Z) (1 + Z—Z) Z2 + 1 function poles = roots(z” +1) = +

Poles: values of z for input x[n]=2z" where output y[n]=H(z)z" —
Zeros: values of z for input x[n]=z" where output y[n]=H(z)z" —=0

y[n]=h[n]=cos(%Tnn)u[n] signal " | |

|  z-transform

1 7’ o)
Y(Z) - -2 - 2 o 0.2t
(1 +Z ) 7 +1 2 » 2‘

n 041

Poles: z locations of Y[n]=z

n

Zeros: related to the magnitude and phase of )’[”]

Il
N

The closer a zero is to a pole, the smaller [ . y e |
the effect the pole. oo




Solve difference equation X
yln]=x[n]-yln-2] hln]= COS(TT[ n)u[n] impulse response
x[n]=u[n] stepinput
iteration
yI0]=x[0]-y[-2]=1-0=

yl]=x[1]-y[-1]=1-0=
Y2]=x[2]-y[0]=1-1=0
y[31=x[3]-y[l]=1-1=0

y{41=x[4]-)[2]=1-0~=1

convolution
x[n] 1 1 1 1 1 1
hn] 1 0 -1 0 0 -1
1 1 1 1 1 1 1
O 0 0O 0 0 ©
1 -1 -1 -1 -
0O 0 0 0
1 1 1




z-transforms

yln]=x[n]-yln-2] x[n]=uln]
lz Iz |
Y(2)=X(2)-z7Y(2) X(2)= 7 =
1
Y (Z) = 5 X (Z) =H (Z)X (Z) multiplication
(1 +z )
1 1
Y(Z) - 2 1
(1+27) (1-27)
|  partial fraction expansion (distinct complex roots)
1/2 1/2 1z
Y(2) = / / Z

(=) (1ee?) 2{1027)

| Inverse z-transform (lookup)

[n]—l+lcos 2—nn +lcos(2—n(n—1)) =
=T ™ ) 2"\

whn B~ W —= O

yinl  Y(2)

1

27
COS Tn uln] < (1+1Z_2)
a"uln] < (I_Z—l)

yln]
1/2+1/2+40=1
1/240+1/2=1
1/2-1/2+0=0
1/2+0-1/2=0
1/2+1/2+40=1
1/240+1/2=1



Partial fraction expansion

Vi o 1 _ A N B
(z)= (1 N 22_1)(1 _ %Z_l) (1 + 2Z—1) (1 _ %Z—l) We knpw:

right sided sequence
1
l-az
| cross multiply ‘Z‘ > ‘Cl‘

— < a’u[n]

left sided sequence

1-3z7")+B(1+227) | n
2 =15 o =

| <al

Y(z)= A(

| collect terms

(-3A+2B)z"' +(A+B)

(1+277)(1-327")

Y(z)=




1
1+277)1-327")

A B
(1+2z-1) (1—%[1)

Y(z)=(

(-3A+ 2B)z" +(A+ B)
o (1e2e7)(1-27)

-32A+2B=0 A+B=1 match coefficients
a8 g3
11 11
8/11 311 1

1 (1+227") ' (1—%2_1)_ (1+2e7)1-37)

We know:

right sided sequence

1
1-az

-1

< a"uln]

/> a

left sided sequence

1
1-az

-1

< —-a"u[-n-1]

| <al



Inverse z-transform

1
Y(2)=
©) (1 + 2z‘1)(1 - gz-l)
- 8/11 + 3/11 We know:
(1 + 2Z_1) (1 -3 Z_l) pOl@Si3/4,-2 right sided sequence
1 n
. J In:;elrse53 z—t,gtansform 1— aZ_l < a u[n]
sinl= 2 atme 2 (2 -2 4ld
causal , unstable left sided sequence
" : — < —a"u[-n-1]
ROC —-az
2| <lal
|
200 o]
100 ]
0 ba anhao O i
—10 0 10




Inverse z-transform

1
Y(z)=
RN (PEE (e}
- 8/11 + 3/11 We know:
(1 + 2Z_1) (1 — % Z_l) pOlGSI3/4,-2 right sided sequence
1 .
g | Inverse z—tr;nsfogm . 1- aZ—l <a uln]
ynl==—(-2)"ul-n-1]- —(_) ul-n-11 [ <[ /> ld
H ,1 4 left sided sequence
anticausal, unstable 1
) — < —a"u[-n-1]
i l-az
| <al
> T
oy o

/K}\(H > °o
LSS \\k / ,LSS o,

0 O?OOOOOOOOS-(

-10 0 10




Inverse z-transform

1
Y =
RN (PEE (e
- 8/11 + 3/11 We know:
(1 + 2Z_1) (1 -3 Z_l) p016813/4,-2 right sided sequence
1 ’
| Inverse z-transform 1- dZ_l < a uln]
yln]= —%(—2)"‘ u-n—1]+ %(%) uln] /> d
|Z| < |Z| < |2| left sided sequence
two-sided, stable 1 .
— < —a ul-n-1]
<l <|al
! T
0 mooooooo % 000000 o4

-10 0 10



Inverse z-transform

1
Y =
R (FEX (RE)
- 8/11 + 3/11 We know:
(1 + 2Z_1) (1 — % Z_l) pOlGSI3/4,-2 right sided sequence
1 ’
} Inverse z-transform 1- az_l < T‘ l/t[l’l]
8 / v 3(3)" 2> |a
=—(-2 - —|— -n-—1
yln] 1 (-2)" uln] - (4) ul-n-1] 3| <|z[N 2> ]2| loft sided sequence
not possible 1 e —a"ul=n-1]
l-az

| <al



Inverse z-transform
1

1+277)1-327")

Y(z)=(

__8M 3
_(1+2z‘1) (1—%[1) poles:3/4,-2

| Inverse z-transform

8 ] 3(3)
y[n]=ﬁ(—2) u[n]+ﬁ(z) uln]  |z[>2]
causal, unstable

S ) uen—11= 23] wpen—1y FI<H
yln]= 11( 2)" ul-n-1] 11(4) u[-n—1]

anticausal, unstable

’ 3(3)
ylnl=-—(-2) u[—n—1]+ﬁ(z) uln] |3 <[] <[2]

two-sided, stable

] 3(3Y
= (2 = ] 11 s

not possible

We know:

right sided sequence

1
1-az

-1

< a"uln]

/> a

left sided sequence

1
1-az

-1

< —-a"u[-n-1]

| <al



Partial fraction expansion II
4+7.67" 4+7.67"

@)= —6772+57 +4 (1 + 2z‘1)(4 - 3z‘1)
We know:
_ 1+1.977" factor into form ﬂghtfided sequence
- (1 + 2z‘1)(1 - %z‘l) (1 +pz” )(1 - Pzz‘l) P R a"uln]
) . 5o
= (1 . 2Z_1) + (1 ~ %Z_l) left iided sequenci
. — < —a ul-n-1]
A-vee2s)| - (1;_1;;_1) -0.036 ] <ld
7=-2
C1+1.97"

B=Y(2)(1-3z") = 0.964

- (1 + ZZ_I)

0.036 0.964
1+277)  (1-327)

Y(z)=(



Effects of a zero

zeros: 0,-1.9 zeros: 0,0
1+1.9z” 1
Y(z)= -
: (1 + 2z‘1)(1 - %z‘l) poles:3/4,-2 1) (1 + 2z‘1)(1 — %z‘l)
0.036 0.964
Y(z) = -+ — _ 8/11 N 3/11
(1+2Z ) (I_ZZ ) (1+2Z—1) (1_%Z_1)
y[n]=-0.036(-2)" u[-n-1]1+0.964(2)" u[n] y[n]= —%(—2)” u[-n—1]+ %(%) un]
<[ <[2] 2/<[<[2]
! . zero at z=-1.9 ! .
os | - close to pole at z=-2, )
0 peo o o4 | pOle,S effeCt reduced 0 >eoo°0°oo 000000000‘
(0.036 vs. 0.727) )

two sided sequences



Partial fraction expansion III

141,97
Y(z)= ] A We know:
(1 +2z )(1 B ) i right sided sequence
< n
= =
44767 g = oo T uln]
677 +577' +4 2> g
422 +7.67 left sided sequence
= : 1
47° +57-6 — = Zza < —-a"u[-n-1]
2
__z+19% 3 factor into form (z-p1)(z-p2) 2| <lal
(2+2)(z=3) Hint: use matlab’s root command
A B

T(+2) (z-1)



Partial fraction expansion III

1+1.977
Y(z)= 1 .
_ 3 -l We know:
(1 2z )(1 i< ) i right sided sequence
< n
47 +7.67 _ 2’ +1.9z —ar! z—ac}a uln]
4Z2 +5Z—6 (Z+2)(Z—%) ‘Z‘ S ‘Cl‘
— Az + B Z3 +C left sided sequence
(Z+2) (Z_Z) 1 e ¢ @—anu[—n—l]
1—az" _
47 +7.62 @ d
= =0 | <al
47" +5z-6 0
-3 2
B=Y(z)(z | _z2+19z2 _0.964
Z o Wz+2)|
2
A=Y(z)(z+2) _ 2 +1.9z _0.036
< z==2 Z(Z - %) 7==2




Partial fraction expansion III

1+1.97”
Y(z)= 1 .
_ 3 -l We know:
(1 2z )(1 i< ) i right sided sequence
< n
47° +7.67 h 7= < a uln]
4z°+5z-6 ‘Z‘>‘Cl‘
— 0.0362 + 0.9642 left sided sequence
(2+2) * (2-3) L _ 2 < —a"u[-n-1]

y[nl=-0.036(-2)" u[-n—11+0.964(2)" u[n]

2| <al
21<l<[2
1 3
o
0 peo 2d
-1 I
-10 0 10

two sided sequence



Long Division

1+1.9z77! 1+1.9z77"
Y(z)= 1 = ) -1
(1+2:7')(1-327")  -3z2+327'+1
1+0.65z7' +0.687z7% +0.1167™ right sided sequence

=1+%z_1 —%z“2)1+1.92_1
1+1.2577' -1.577
0.65z7' +1.577
0.65z7' +0.813772-0.9757
0.687z72+0.97577°
0.687z>+0.859z° -1.0317

0.116z7° +1.0317™*
y[n]=0[n]+0.650[n—-1]+0.696[n-2]+0.120[n— 3] +--- o beoooosoos
compare :

y[nl=0.036(-2)"uln]+(2)"0.964uln]  ={1,0.65,0.69,0.12} 1n=0,123 - |

-10 0



Long Division

1+1.9z77! ~ 1+1.9z77!
1+27)1-327") -3z 4577 +1

Y(Z)=(

left sided sequence

~1.2677-1.723z* -2.281z° +...
— 1572412577 + 1)1.9[1 ‘1
1.9z7'-1.584 -1.2677
2.584 +1.2677
2.584-2.1547-1.7237"

3421772 +0.97577°
3421772 -2.8517°-2.2817™*

20 T

y[n]=-1.278[n+1]-1.728[n+2]-2.288[n + 3] +---

10 o =

compare

y[n1=-0.036(-2)"ul-n—1]-(3)"0.964ul-n-1]={-127, -1.72, -2.28} 0,
n={-1, -2, -3} 0 ancmcnana




Discrete Fourier Transform
(DFT)

Compute spectrum of discrete-time periodic signals

DFT
N samples in time domain ;} N complex numbers in frequency domain
IDFT
N-1
DFT X[k] = E x[n]e” /N analysis
IDFT x[n]= i E_ X[k]ef(zﬂk/N)n synthesis A
N
T 1
! 1
= it
\ T

DFT: sample continuous H(w) at N evenly spaced frequencies




Discrete Fourier Transform
(DFT)

Compute spectrum of discrete-time periodic signals

DFT
N samples in time domain ;} N complex numbers in frequency domain
IDFT
Sampling  x[n]=x(nT,) Discrete time
Periodic freq
Fourier 2 s Periodic 1n time
, X, = —fx(t)e Odt .
Series T, Discrete freq

Discrete & periodic time

N-1
DET _ — j(27k/ N)n . .
X[k]= Y xlnle Discrete & periodic freq

n=0



x[n] periodic

N-1
DFT X[k] _ Eec[n]e—j(an/N)nj
n=0 M

move X, to DC

original spectrum

—JT

shifted spectrum



x[n] periodic

N-1
DFT X[k] _ Eec[n]e—j(an/N)nj
n=0 v

move X, to DC

original spectrum

X, ¥
X,
L *
' ' ' ' > ~2mk I N
O 27k/N 7T 27, " 0
w>7 aliases of negative frequency X
* 0
components « X
1
X, X X,
= ‘ 2
0 T o

shifted spectrum



x[n] periodic

N-1
DFT X[k] _ x[n]e—j(2ﬂ’k/N)n

—

TFIR low pass filter to measure DC
(N point running sum, {1,1,1...1})
zeros @ harmonics

shifted spectrum

Xo
. Xl = X1
X, X,
0 JU 2T W
FIR filter w/ zeros

at harmonics



x[n]={1, 1, 1, 0} Impulse response of 3pt averager

3

X[k] — Nz_lx[n]e—j(%rk/N)n — E x[n]e—j(2ﬂk/4)n
n=0 n=0

= x[0]+ x[1]e” H2akl4) x[2]e H2ak14)2 | x[3]e” H27k14)3

— Lk i
=l+e " e ™ 3 Z
— i3 A — Lk
=l+e ' (e“ +ej4) TN
S —
k
=1+ 2[—«/2(1 + ])] cos(Z k) N g7
check:
k=0, 1, 2, 3 »xi[l 110];
_ . : »X=fft(x)
X[k]= {3, i, |1, l} e
o) e (] 3.0000 0-1.0000i 1.0000 0+ 1.0000i
) e S »fftshift(X)

ans =

1.0000 0+ 1.00001 3.0000 O-1.00001
Note: O>mw>2m

only extract limited number of frequencies due to N samples per period



x[n1={1, 1, 1, 0}

N-1

3 :
X[k]= ’Zox[n]e_j(znkm)n B n=0x[”]e_](2ﬂk/4)n :\ Z
R
k iy #
= 1 + 2[_1/5(1 + ])] COS(%k) -‘ N T d T

k=0, I, 2, 3
X[k1={3, -i, 1, i}

X[k]|
H(o?)) = %e‘j‘?’(1+ 2COS(Z)) " ’

Note: 0>w>2m
only extract limited number of frequencies due to N samples per period



Redo like homework

x[n]={1, 1, 1, 0}

N-1 3
)([l:]:: :E:;x[’l]e_llzﬂk/Aqn — :E:;x[’l] —] 2ﬂk/4
n=0 n=0
1- —j(2mk/4)3 1 i3k )2
B 1- —j(27k/4) N 1 — jk/2
1- j*
B ]. k k#0
1-(~J)
2 5 | ,
X[k]= E (2720/4)n _ Ee_]o _ El _3
n=0 =0 pore

X[k1={3,-i,1,i}
k={0,1,2,3}

2
2Md4
Ee
n=0
Remember
N-1 N
Eak _ l1-a
—-d

X[3] =

xpy l=gl=j_1-2j-1

I+j1-j 2

X[2]=

1—]'3

-2 _1-(=D) _

1-(-j)" 1-CGD

C1=(=)) 1+jl+j 1+2j-

1-(-j)°

I-j  1-jl+j 1+2

1.



How does a Fast Fourier Transform (FFT) work?

2 Point DFT
N-1 _ FFT is an efficient
DFT X[k]= E x[nle J(27k/ N)n N=2 way of calculating
n=0 a DFT.
_ x[o]e—j(ZJrkM)O N x[l]e—j(2nk/2)l
= x[0]+ x[1]e~ ™)
X 2 [O] = x[O] + x[l] 1 1 coefficients
X,[1]= x[0]- x[1] 1 -1  Dblock
FFT butterfly
@ n bt A = + B Wzk _ e—j(2nk/2)
. H-"J{r W20 = 1
b — — (- b) W
1 N2=4 mult



4 Point DFT
N-1
DFT X[k] = E x[n]e—j(2nk/N)n N=4

n=0
= x[0]e /P 4 x[1]e ) +l2le SJETIAR | 3]0 4)3
= 207+ x[1]e Y 4 x[27e7) 4 x[3]eFH

X[0]= x[0]+ x[1]+ x[2]+ x[3] running sum

X[l]=x[0]+x[1]€_j( )+x[2]e )+ x[3]e” %)
= x[0] - jx[1]-x[2]+ jx[3]

X[2]= x{01+ x[11e ™™ + x[2]e™*") + x[3]e™/*")
= x[0]- x[1]+ x[2]- x[3]

X[3]=x[0]+ x[l]e_j(%ﬂ) + x[2]e_j (37) x[3]e” i)
= x[0]+ jx[1]- x{2]— jx[3]

X[4]= x[0]+ x{1]e /™) + x[2]e ) + x[3]e 77

= x[0]+ x[1]+ x[2]+ x[3] alias of X[O] N2=16 mult
N2-N=12 adds



4 Point DFT
N-1
DFT X[k] _ E x[n]e—j(znk/N)n N=4

n=0

= {07+ x[1]e ) 4 21207 4 a3 FY

X[0]= x[0]+ x[1]+ x[2]+ x[3] running sum
X[11= x[0]= jx[1]-x[2]+ jx[3]

X[2]=x[0]- x[1]+ x[2]- x[3]

X[3]=x[0]+ jx[1]— x[2]- jx[3]

X[4]=x[O]+ x[1]+ x[2]+ x[3] alias of X[O]
X[5]=x[0]- jx[1]-x[2]+ jx[3] alias of X[1]
periodic in frequency

only extract limited number of frequencies due to N samples per period



DFT

N=4 N=2
X,[0]= x[O]+ x[1]+ x[2]+ x[3] 1111 X,[0]=x[0]+x[1] 1 1
X, [1]= x[0]= jx[1]-x[2]+ jx[3] 151 X,[11=x[0]-x[1] 1 -1
X,[21= x[01- x[11+ x[2]- x[3] 11141 a L o
X310 - 2003 1 g | >,
even: X[0].X[2] ! o

11111 X,[0]=[x[0]+ x[2]]+ | x[1]+ x[3]] = X, [0],,, ~
_ Wk = e—](27‘l7k/4)
1-1]1-1  X,[2]=[x[0]+x[2]]-[x[1]+ x[3]] = X, [1],.., :
. recursive
Looks like a 2pt FFT e . L xo)
of combined signals o 2-point
odd: x[11.x[3] ) - — x2)
1 -j -1 J Wy, ,
. . Looks like a 2pt FFT o ! b o Y
1 ] -1 -] of combined signals e /\ "l o .
X, [11=[x[01- x[2]]+ j[-x[11+ x[3]] = X,[0],,, FFT

X,[31=[x{0]-x[2]] - jl-x[11+x[3]] = X,[1],;;  fewer multiplies/adds
N/2log,N=4 mult



DFT

N=4 N=2

X,[0]=x[O]+ x[1]+ x[2]+ x[3] 1111 X,[0]=x[0]+x[1] 1 1
X[1]=2{0]- jnfl1-x(21+ jx(3] | ) X,[1]=x[0]-x[1] 1 -1
X[2]= x[0]-x[1]+ x[2]- x[ 3] 1.1 1-1 a ) L
X[3]=x{01+ ja[1]-22]- (3] | -1 >,
even: X[0].X[2]

I 1|1 1 X "o

1 -1 1 '1 2(1) » - X(2)
odd: x[11,X[3] e . X0

1-jrl g |

1 J _1 _j x(3) 1 : - — X(3)

N/2log,N=4 mult

4pt FFT butterfly Nlog,N=8 add



N-1
DFT X[k]=zx[n]e_j(2”kw)” N=8

n=0
_ X[O]e—j(2nk/4)0 + x[l]e—j(an/S)l + x[z]e-j(znk/s)z + x[3]e—j(2nk/8)3

x[4]e—j(2nk/8)4 N X[S]e—j(2nk/8)5 N x[6]e—j(2nk/8)6 N x[7]e—j(2nk/8)7
= x[0]+ x{11e ") 4 x[21e /) 4 x[31e71FY
X[4]e_J +x[5]€ i3k )+X[6]€ i(4k )+X[7]€ (2 k)

X[0]=x[0]+ x[1]+ x[2]+ x[3]+ x[4]+ x[S]+ x[6]+ x[7]

X[1]=x[0]+% (1 J)x[1]- ]x[2]——(1+ J)x[3]
—x[4]+% (1+ J)X[51+ jx[6]+% (1+ J)x[7]

running sum

X[2]= x[0]= jx[1]= x[2]+ jx[3]+ x[4]- jx[S]- x[6]+ jx[7]
X[3]= x[0]+ 2 (—1- j)x[1]+ ]x[2]+ 2 (1- j)x[3]
—x[4]1+ 2 (1+ j)x[5]- ]x[6]+ ( 1+ j)x[7]

N2=64mult
N2-N=56 add



N-1
DFT X[k]=2x[n]e‘f<2”’”>” N=8

n=0
= x[0]+ x{11e ") 4 x[21e /) 4 x[31e 1T

41e7™ 4 x[51e ) 4 x[61e 1Y) 4 x[ 7775

x[n]

X[kl 1 1 1 1 1 1 1 1
Loof0-) o - b R0 £y
1 -] -1 ] 1 -] -1 ]
I 2(1-)) § 200 -1 =2(1-0) 5 L)
1 -1 1 -1 1 -1 1 -1
LS o 2sy) -1 —FE) )
1 ] -1 -] 1 ] -1 -]
1 L(1+j) ] L(-1+j) -1 =%(1+)) ) L))

N2=64mult
N2-N=56 add



DFT

even: X[0],X[2],X[4].X[6] =3 N=
x[n]
Xlk] 1 1 1 1 1 1 1 1 1111
1 -] -1 ] 1 -] -] 1-j-1j
i 1 _11 :1 i = _11 :1 1-11-1
] ] ] ] i1

1 La-j) - FE=) -1 -20-4) 5 F(0+))
I 2a-j) § 0 La-j) | -1 220 G (e
L)) 2(14) 1 =% (1) J (1=
o) 0 gyt =50 0 20



8pt FFT

x(0) - > . X(0)

\ / \/ >< i
x(1) - - - Xid)
x(2} » \><></
x{3} =

-1 -1
WD

x(d) » : : : :L]Z - - X(1)

/XX\ \/ >< W

Xi5)

X{(3)

x(5)

x(6) &

x(7) - + X{T)

Wk = e—j(2ﬂk/8)

. =
N/2log,N=12 mult
Nlog,N=24 adds






T .z
X'()=zwg X, =—"2e’”
2 7tk
T ~ 7
x(t) ="+ —Qos%mt+
(1) =2+ 3, —cos(2kfy + )

k=1

T,

x[n]=x(nT,)=nT, Osn< FO
T.=0 T,=NT, i

NT.

S

x[n]=x(n)=n O=sn<

S
N-1
N

N
x(f)=—
® 2 Tk

+ os(Zyrk—n+ ”)

k=1



FFT Convolution

ylnl= hln]* x[n] < Y () = H(®)X(®)

sample frequency
domain domain

H[k] sampled version of H(®)
Use DFT/FFT to compute H[k] and X[k]
Y [k]=H[k]X[k]

Use IDFT/IFFT to compute Y[k]

Problem:
H[k]X[k] must have equal lengths N to multiply
Y[k] and y[n] will also have length N
BUT



Circular Convolution

vin]=h[n]® x[n]<Y[k]= H[k]X[k]

sample frequency
domain domain

Y[k]=H[k]X[k]
Use IDFT/IFFT to compute Y[k]

Problem:
H[k]X[k] must have equal lengths N to multiply
Y[k] and y[n] will also have length N
BUT



Long Division

|
e (1+27")(1-27")
_ 1
277 +77 +1
-z +377° -5
=1+z7" - 2z'2)1
1+z7' =277
77 +277
-z -z 4277
3777 =277
3z +3z° -6z
577 + 677"

y[n]=06[n]-0[n-1]+38[n-2]-55[n—-3]+--

compare
2 n
yln]= 5(—2) uln]+1/3uln]

={ 1 s 1 739_5}
n=0,1,2,3



N-I
DFT  X[k]= E x[n]e—j(znk/N)n N=?

n=0

= x[0]+ x[1]e /™
X,[0]=x[0]+ x[1]
X, [11= x[0]- jx{1]
Compare with N=4
X,[0]=x[0]+ x[1]+ x[2]+ x[3]
X,[2]=x[0]+ x[2]- (x[1]+ x[3])

X, [11= x[0]- x[2]- j(x[1]- x[3])
X,[3]= x[0]- x[2]- j(x[3]- x[1])

[0l x%\]le;m 12)1

X[0]=x[0]+ x[1]+ x[2]+ x[3]
X[1]=x[0]= jx[1]- x[2]+ jx[3]
X[2]=x[0]—x[1]+ x[2]- x[3]
X[3]=x[0]+ jx[1]-x[2]- jx[3]
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Even 8pt DFT

1

-
-1

e
— —
=~ ]
+ +
=
2_2 N1
| _J .Jﬁ_ﬁ
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Long Division

1+1.977" ~ 1+1.9z77"
1+ 2z-1)(1 - z'l) 272477041

Y(Z)=(

1409z +1.1z72 + 0.7
=1+7"'=-27" )1 +1.977
l+z77' =277

0977 +277°

0.9z +0.9z7°-1.87
1.1z +1.877°
1.1z +1.1z7° =227

0.7z +2.277*

y[n]=0[n]+0.96[n-1]+1.16[n-2]+0.70[n - 3]+---

compare
y[n]=0.033(-2)"u[n]+0.9uln] ={1,09,1.1,0.7} n=0.123

right sided sequence



Long Division

1+1.977" 1+1.977"
@)= (1 + 2z‘1)(1 _ Z-l) T 2772477 41

~0.957 - 0.975z> - 0.96257°

=277+7"+ 1)1.9z'1 +1
1.927' -0.95-0.957
1.95+0.957
1.95-0.975z-0.9757°
1.925772 +0.975z7°
1.925772 - 0.96257 - 0.96257~*

y[n]=-0.950[n+1]-0.9750[n + 2]+ 0.96250[n + 3] +---

compare

y[n]=0.033(-2)"u[-n - 11+ 0.9u[-n—1] ={0.95,0.975,0.963}
n={-1, -2, -3}

left sided sequence



x[n]={1, 0, -1, 0}

N-1 3

X[k] = E x[n]e—j(2:rk/N)n _ E x[n]e—j(2nk/4)n

n=0 n=0

x[n]= cos(%Tnn)

= x[0]+ x[1]e” H2akl4) x[2]e H2ak14)2 | x[3]e” H27k14)3

_ x[0]+x[2:e—j(2nk/4)2

=]-¢ ™
-1- (1)
k=0, I, 2, 3
X(k1={0, 2, 0, 2}
e

Note: 0>mw>2m

check:
»x=[10 -1 0];
» X =fft(x)
X =
O 2 0 2

only extract limited number of frequencies due to N samples per period



