Linear Time Invariant Systems

x(t) Linear y(t)
> Time
Invariant
System
Linearity
AX,(t)+Bx,(t) > Ay (D+By,(1)

scaling & superposition

Time invariance
X(t-1) > Y(t—T)

Characteristic Functions
est  s=a+jb

complex exponentials



Complex Exponential Signals

s=a+jb est

S=0 e ot exponential decay ~ o

s=+jw eHiot sinusoids | \ \ /

S=-0 £jm oot exponential sinusoids [~
cosf e

2

characteristic functions of LTI systems

x(t)=sin(wt) . y(O)=A sin(wt+¢)
> Time > Z / ""-.‘xtr} / \"'a ;"" \
Invariant oo
S 08 ."I "'. II-' I". II-‘ I"'L
il * ’/\\ ;/\\“‘“ ,f;/ \\
output has same frequency as input / \ [/ \
but is scaled and phase shifted




Sinusoids

O(rad) | y,=sin(0)| y,=cos(0)
/ 0 0 1
w6 5 | 0.866
T /4 0.707 | 0.707
/3 0.866 | 0.5
/2 1 0
T 0 -1
3m/2 -1 0
2w 0 | 1
Periodic
y(0)=y(0 +2mn)
sine odd cosine even

sin(-0)=sin(0) cos(-0)=-cos(0)



Continuous sinusoids 0=0(t)

N T y(t)=A sin(wt+o)
ol |\ | y(H)=A sin(2rft+¢)
o / | Parameters:
i A:amplitude
[ I N \ \ /1 ¢: phase (radians)
- | k /| w: radian frequency (radians/sec)
08k II"-,I I,"Ir IIII'-,N I.'FI II'\I Ilf'll - Or
— M 1 f:frequency (cycles/sec-Hz)
Relations:
w=2mf rad/sec= (2x rad/cycle)*cycle/sec

T:period (sec/cycle)  y(t)=y(t+T)
T=1/1=2n/w

sec/cycle= 1/ (cycle/sec)= (2n rad/cycle)/(rad/sec)
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Continuous sinusoids  0=0(t)

Input/Output of & LTE System

Phase shift

In: x(t)=1sin(t)
Out: y(t)=0.5sin(t-7t/3)

(t- /3)
delay of /3
plot moves to the right

y(t)=A sin(wt+¢)
y(t)=A sin(2nft+@)

Parameters:

A: amplitude
¢: phase (radians)

w: radian frequency (radians/sec)
or
f: frequency (cycles/sec-Hz)

x(0)=0
y(7/3)=0



Sampled Continuous Sinusoid

Continuous Sinusoid

y(t)=sin(2mt)
Sample rate: T =
t=nT

Discrete Sinusoid

y|n|=sin(2m -

yln|=smn(%-n)

+sec

n)

sampled continuous sinusoids
T T

i

-

i

=

i i
06l
04l
0.2
0
0-2r TextEnd
0l
06]
1)
n y[n]
0 0
1 0.125
2 0.249
3 0.368
4 0.4818



Discrete sinusoids 0=0[n] n=0,1,2...

y[n]=A sin(wn+¢)

y[n]=A sin(2rfn+@) 7

A: amplitude 3 |

¢: phase (radians) P

w: radian frequency (radians/sample) HHIE S [1]]1]e
{: frequency (cycles/sample) (118 (1118
Relations: ) N é

sample(i

w=2nf rad/sample= (2x rad/cycle)*cycle/sample

N:period (samples/repeating cycle [integer])
Smallest integer N such that y[n]=y[n+N]

Find an integer k so N=k/f 1s also an integer N =5

f =k/N (f: rational number -> k/N i1s ratio of integers)



Period of a Discrete Sinusoid:ex1

Discrate Sinusokd w evenly divisiole frequeancy

0.8

0.4

o
o
o
o
o
o
o
02
K
b

w=sin[2 p&0%n)

0.2

-0.4

-.6

-0.8

-1

a io 20

y|n|= sin2x - - n)

y[n] = y[n + 50]
sin(0) = sin(2)

S0
n: zamples

Gl 7o

T=50 samples (integer)

100



period of discrete sinusoids

ex: y[n]=cos(2m(3/16)n)
What 1s the period N?

y[n]=A cos(2min+¢) T
frequency: f=3/16 cycles/sample ="

[n}=cos(
T

)
o]
o |

N:period

(samples/repeating cycle [integer])

sssssssss

Smallest integer N such that y[n]=y[n+N]

Find an integer k so N=k/f 1s also an integer

f=3/16
let k=3
N=(3)*16/3=16

f =k/N (rational number -> k/N 1is ratio of integers)



Period of discrete sinusoids: ex3.

y|n|=sinQx-3-n)

f =%
y[n]=yln+N]
N=7??7 samples

N: integer

N =+
50/3 # integer

y=ginl2 T AE n)

0.8

0.6
04l

02 H
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-0.8

Discrate Sinusokd w rational freguancy
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Period of discrete sinusoids: ex3.

discrete function

Discrate Sinusold wi rational freguency

y[n] =si(2sx - 5—30° n) °I |l
. cycles 04
frequency: f =23 )
é 0z
period: N=7?samples £ 7
ﬁ-n; || [TesEna
[n]=yln+N]
f*"N=k N, kintegers
3 . _ n: samples r
=" N=k
N 50 samples ratio of integers periodic

k 3 cycle rational number N=50 samples, k=3 cycles



Aperiodic discrete sinusoids ' M ‘ i in

continuous function
y(t) = sinQ2m -2 - 1)
I'=—sec  periodic

sample
t=nT I' =5ssec

discrete function
y[n]=sinQ@mw- 32 n)

period?

y[n] =y[n+ N]

N=??7 samples
(integer)

n)

=sin(2*pi*sqrt(2)/25*

y

_0.2 -
TextEn
0.4}
-0.6+
-0.8+ l
-1 1 1 1 1 1

0.8 &
0.6
0.4H

f=4%
f+-N=k Nkt integers

N 2542 ot a ratio of integers
k2 irrational number

sampled discrete sinusoid aperiodic



Periodicity
arbitrary continuous signal

y(t+T)=y(t)
After what interval does
the signal repeat itself?

T:period (sec/cycle)

y=3In{3t)+sin(41)+=in{6T)
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parnad: 3 sec
=]

Period of Sum of Sinusoids

ot

Pariod of Sum of Sinusolds

1 2 3 4 5 6
T :tEnx / \ \ / \

1 1 1

1 2 3 4 5 &
aMtEnd

1 1 1 1 1

1 2 3 4 5 6

time (sec)

y(t)=y(t+T)
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Least common multiple

seconds to complete
cycles

1/5s, 2/5s, 3/5s ...
4/20s, 8/20s, 12/20s,

16/20s, 20/20s, 24/20s, .

28/20s, 32/20s, 36/20s,
40/20s, 44/20s, 48/20s,
52/20s, 56/20s, 60/20s

15 cycles

seconds to complete

cycles

Teena | SV 4V Vv

T2=0.75s=3/4 seconds
3/4s, 6/4s, ...

lteena i VD 1

15/20s. 30/20s,

45/20s, 60/20s
4 cycles

1/5%k=3/4*]
k/1=15/4 rational number

Tsum=15*T1=15/5=3 seconds 1sum=4*T2=3/4*4=3 seconds

Tsum=3 seconds



Instantaneous frequency

y(8)=sin(0)
0=0(t) | o
instantaneous frequency ’ \ )
w=d0/dt
sinusoid constant frequency A
y()=A sin(wt+0) ’

time varying argument

de/dt:m o 2 :I\ 3 8 §ol\lll\j§2 14 16 IIII /;a
chirp linearly swept frequency NN TTHTTn
1 . [

w=d6/dt o v TUI VLT
® =((0,-w,)/T)t +w, \

5 o~
£

- ]
integrate W, y '. o || |' || || BN || | || | | | |
02k \ .I | ' | | [
e =((D1_U)O)/2T t2 +(D0t + C 04k I'. 'I II| I'l I| || | || || || | | [ | | ‘ ||‘ || <‘
o Uy
. o N A O B B A R U I ||| |
ychlrp (t) = A Sln((ml—mo) / (2T) t2 +(l)0t + q)) 08l IIII".\ E,I'II | II'IIlII-'Il Illl.l III TuIJIl ||U||I I|I‘I|| III.I|| |I‘||I ||‘I|| |I‘|| i

t {seconds)



Representations of a sinusoid

y(t)=A cos(wt+p)

[ejwt + e—jwt]

y(t) = Ae”

y(t)=Re{ Acitei©n}

X= Aei®
y(O=Re{Xel*V}

trig function

complex conjugates /1) = /()

real part of
complex exponential

Add spectrum

complex amplitude (constant)

rotating phasor

Euler’s relations
el%=cos(0)+jsin(0)

cosf =




Complex Conversions

cartesian —» polar polar — cartesian
s=a+jb s=a?+ ble’ @) s=rel s=rcosf+ jrsinf
Complex Arithmetic
Addition cartesian (a, + jb) + (a, + jb,)=(a, + a,) + j(b, +b,)
Subtraction cartesian (a,+ jb) - (a, + jby) = (a, — a,) + j(b, - b,)
Multiplication polar re o, r,e 10, _ rr,e j(61+65)
J6,
re i, -
Division polar 1 = L i6:-62)
ne’’?
jo n n _ jn6
Powers polar ( re ) =7 e
Roots polar "o g =rel?

A\ IIAN
Il
A

1/ 1/ (0 /n+2ak/n
n_ ne]( )

k=12...n-1




Complex Exponentials
Why use complex exponentials?

Trigonometric manipulations -> algebraic operations on exponents

Trigonometric identities Properties of exponentials
cos(x)cos(y) = %[cos(x -y)- [cos(x + y)]] reXey= rex+y

1 2
cos®(x) = *+co5(2x) (reX)"= rhe™

2
y\/;=x1/n

L
pu— x
X

Vector representation (graphical)



Complex Exponentials

Why use complex exponentials?

Trigonometric manipulations -> algebraic operations on exponents

Adding sinusoids of same frequency but multiple amplitudes and phases

or

A cos(wt+¢,)+ B cos(wt+¢,)= C cos(wt+¢;)

A [cos(wt)cos(, )- sin(wt)sin(¢, )] + B [cos(wt)cos(d, )- sin(wt)sin(¢P, )] :sun} fc;mula

-[Asin(¢,)+Bsin(¢,)] sin(wt) + [Acos(¢,)+Bcos(¢p,)] cos(wt) trig id

(A-cos (¢1) + B-cos (¢2)) ]]
(-A-sin(¢1) — B-sin(¢2))

/\/Az + 2:-A-B-cos (¢l — ¢2) + Bz-sin[w-t + atan[

A-cos (w + ¢1) + B-cos (o0 + ¢2)
Re- (A-elfl.ol 0t 4 B.gi 2.0 t)
Re-[ (A-ci! + B.o2).d01]
Re-[[A- (cos (¢1) + j-sin (¢1)) + B-(cos (¢2) + j-sin (¢2))]-¢" ] cos + jsin

Re( )=cos
Adding complex amplitudes

Re-[[A-cos (¢1) + B-cos(¢2) + j- (A-sin(¢p1) + B-sin(¢2)) - (cos (w-t) + j-sin(w-t))]

Re-[[_ (A-sin(¢1) + B-sin(¢2))-sin(w-t) + (A-cos(¢l) + B-cos(¢2))-cos(w-t) + u]
[ (A-cos (1) + B-cos(¢2))-sin(w-t) + (A-sin(¢1) + B-sin(¢2))-cos (w-t)]-j

[~ (A-sin(¢1) + B-sin(¢2))-sin (w-t) + (A-cos(¢1) + B-cos (¢2))-cos (o-t)]



Complex Exponentials

Amplitude modulation (multiply two sinusoids of different frequencies)
Acos(mwt) B cos(m,t+¢)= C(cos(wst +¢,)+ cos(w,t +¢,))

*sum formula

A-cos (wl) - (B-cos (w2 + ¢2)) for sin & cos
A-B-cos (1) ((cos (w2)-cos ($p2) — sin(w2)-sin($2))) trig id
A-B-cos (1) -cos (¢2) — A-B-cos (wl)-sin (w2) -sin (¢2) *product formula
cos (w2 + wl) + cos (w2 — wl) sin (w2 + wl) + sin (02 — ol) for sin & cos
o > *COS (¢2) — A-B- > - S1In (q)Z) trlg ld
A-B-COS (ws) -|2- cos (wd) cos (¢2) - A-B-Sin (ws) -|2- sin (wd) sin (62)
1 *sum formula
5-A-B~ (cos (¢2) -cos (ws) + cos ($2)-cos (wd) — sin (¢2) -sin (ws) — sin (¢2) -sin (wd)) for sin & cos
%-A-B~ (cos (s + ¢2) + sin(wd + ¢2)) trig id
or
A-cos (wl) - (B-cos (w2 + ¢2))
[ej-wl 4 e (j~w1)] [ [ej- (02 +¢) 4 i (024 0¢) ” cos = complex conj
A- AB-
2 2 mult. exponentials=add exponents

%-A-B{exp[j-(q) + 02 + ol)] +exp[-j (¢ + 02 + 0l)] + exp[-j (¢ + 02 — 0l)] + exp[j- (¢ + w2 — wl)]]

1 .
Z-A-B~ (2-cos (¢ + w2 + wl) + 2-cos (¢ + w2 — wl)) cos = complex conj

%.A~B~(cos (¢ + 02 + wl) + cos (¢ + w2 — wl))



Representations of Sinusoids

ACOS(Z]L’kat + ¢k) Re{AeJZf@fH(b} Aej‘P . (ejMff +2e‘j2m‘t )
=R6{A€j¢€j2ﬂﬁ} =X.(ej2”ﬁ+2e'j2”ﬁ)
= Re{Xe*""}

Sum multiple cosines same frequency

n

iAk cos(2aft + ¢,) ERG{ kezﬂf”q’k} - ERe{Akemeznﬁ}
k=1

ERG{ A" } _

Ex. 3cos(2w407+Z)-1cos(2w40t - L)+ 2cos(2w401 + Z)

Z .
Re{3e zej27r40t le J6 J2ﬂ40t+2e3612n40t}

% -j% 2\ ion40
Red|3e'2 —1e "6 +2e3 |/

Re{5.234ej1.54562n40t}

5.234 cos(2w401 +1.545)

sum complex amplitudes




Multiply cosines of different frequencies

A cos(wjt)- A, cos(w,t + §)

e/ 4 o7 e
NERE

jlwyr+¢) + e—j(w2t+¢)
2

joyt  j(w,t+¢) J(wyr+¢)

e +e/e”

A (o re

4
Al AZ
4

—jwlte J(wyr+¢) + e—jwlte— j(w2t+¢))

(ej(a)lt+a)2t+¢) + e—j(wzf—w1f+¢) + ej(wzt—wﬂﬂp) + e—j(a)lt+w2t+¢))

ﬁ(cos((a)l +, )t + gb) + cos((a)2 - )t + (P))



Composite signals (waveform synthesis)

x(1)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}

k=1 k=1

synthesize a periodic signal x(t) from a sum of a series of
sinusoids - the Fourier series.

f,=kfy, kinteger  f, fundamental frequency
f, harmonic frequencies

Note: The sum of harmonic sinusoids is periodic with
a period equal to the fundamental period.

cX. -8
X, =\ 7k?
0 k even

k odd

f, =25Hz



Composite signals (waveform synthesis)

x(t)=A,+ EAk cos(2nkf0t + ¢k) =X, + RG{E XkeJanfot}
k=1 =1
—8 3
k odd e’

> k odd
0 k even 0 k even

k=1 X,=-8/(17?)=-0.8105  f,=kf,=1:25=25

x(7) = 0.8105cos(2w257 + )

1

L L L L L
0.02 0.04 0.06 0.08 0.1



Composite signals (waveform synthesis)

x(t)=A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}
k=1 =1
8 i
X =1 7%k>
0 k even

k odd

k=3  X,=-8/(32)--08105  f,=kf,=325=75
x() =0.8105co0s(2725¢ + 1) + 0.0901cos(2775¢ + 7)

1 I I I I I
0 0.02 0.04 0.06 0.08 0.1 0.12



Composite signals (waveform synthesis)

x(t)=A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}

k=1 k=1

8
X, =1 7°k?
0 k even

e” k odd

k=5

X=-8/(5212)=-0.0324  f=kf,=5:25=125

x() =0.8105co0s(2725¢ + 1) + 0.0901cos(2775¢ + 7) + 0.0324 cos(27125¢ + 1)

1

0.8

0.6

0.4

0.2

0

-0.2

0.4}

0.6+

-0.8




spectrum

0.6

0.4

; T T T T

L 0.4053¢ " o  ©0.4053¢’" T
3 B 1 L
X 5 i
51 ]
i 0.0450¢™ " 0.0450e’" |
T 0.01628_jn T T 0.016261” ]
) Q O ® ? | | | ? O 0) 0)

-125 75 25 25 75 125 /

x() =0.8105c0s(225¢ + 1) + 0.0901cos(2775¢ + 1) + 0.0324 cos(2w125¢ + ) + ...

X(Z)= %en(ejznzsz +e—j2n25t)+ 0_02901eﬂ(ej2n75t +e—j2n75t)+ 0,023,24€n(ej2n125z _I_e—jznlzsr)_l_m



Fourier Series

For a given signal, how do we find X, = A e’
for each k ?

Fourier Analysis

x(t)=A,+ EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}

where

1
X, =— [ x(t)dt
15 %

fo:fundamental frequency
T, =1/ 1,



Fourier Series
x(t)=t O=st<T,

x(t)=A,+ EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}

k=1 k=1

0.04

1 o "
X, =— [ x(t)dt
1, %

v

2
172) TE) (- | | |

= = 0 0.01 0.02 0.03 0.04

on 2 2 0 t 004,

Mathematica:

athena%add math
athena%math
In[1]:=1/T*Integrate[t,{t,0,T}]
Out[1]:=T/2 X =2 [ s



Fourier Series

x(t)=t Osooz‘<T0

x(t)=A, + EAk cos(27kf,t + ¢, ) = X, + Re{

T k=1

2

2 To 2k

= f "t
0

X, =

_To(jznk+1)e_2jnk_ T,

_ L (2ak+1) T,

2 Pk’ 2m%k?

X = _
I 272k>
Y - 2kn L, 1
‘ 2 2K 2 2k
Xk =j 7?) _ TO ei%

wk 7k

J2mkf ot
EXke ’ }

k=1



Fourier Series

Mathematica: .
In[2]:= 2/T*Integrate[t*Exp[-[*2*Pi*k*t/T],{t,0,T}] Xi=— f te  /ndr

2D kP1
-((-1+E -2DkP)T)

(@ 101 12 55—

2DkP1 2 2

2E k P1
e—Zle'k — 1
In[3]:= Simplify[%,Element[k,Integers]] oo _ 1k
IT

Out[3]= ---- R L

k Pi wk 7k



Fourier Series
x(n)=1t O0=t<1T,

x(t)=A,+ EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}

k=l k=1

1
X, =

“o
; fo:fundamental frequency
X, =—2e’ T,=1/f,
Ttk
T, T
x(1) =2+ ) —Ccos(27kf,t +
2 2 “mk Jo )
T, T T )
x(D)="0+ ;0 cos(2af,r + L) + ﬁcos(2n2 fol +Z)+...

\ fo=25Hz
T,=1/f,=0.04

7 terms

0.04
0.04,




Fourier Series
x(t)=t Osoot<T0

x(t)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJanfot}

k=1 k=1

x, =1
2
T, j=
X, =—2Le”
Ttk
T, T
x(1) =2+ ) —Ccos(27kf,t +
(=" an fol +3)
T, T T .
x(D)="0+ ;0 os(2f@7”0t+3)+ﬁcos(2n2fot+7)+...

0.04 004 I

X Defined between 0<t<0.04
Periodic with period 0.04

0.04
0.04,



Fourier Series:Square Wave

1 OSZ‘<]€)/2 1.1 1 ! | —
x(1) =
-1 T,2<t<T, N °r -

0 0.01 0.02 0.03 0.04
0 t 0.04,

1 ¢ 1
X0=?0{1dt+?omf-1dt

In[1]:=1/T*Integrate[1,{t,0,T/2}]+ 1/T*Integrate[-1,{t,T/2,T}]
Out[1]:=0

X, =0



Fourier Series:Square Wave

T‘V
—]2J'L'kt —12ﬂkt
-—fw %m+—fiw /0 dt
O 0 0 Tty

In[2]:=2/T*Integrate[ Exp[-I*2*P1*k*t/T],{t,0,T/2} |+
2/T*Integrate[- Exp[-I*2*P1*k*t/T],{t,T/2,T}]
-1k Pi Ik Pi
-I1(1-E ) I(-1+E )

k Pi 2 T) k Pi
E k Pi

In[3]:= Simplify[%,Element[k,Integers]]

2

—j{-1+(-1)')
k2 X, =——
-I(G-1+(-1)) 7T
OUt[7]= ———————————————— . 4
k Pi X, =1"% k odd
0 k even

2

X, - -j(-1-1)
kr
__J4
km

X, - j(-1+1)




1 0=t<T,/2
x(t) =
-1 T,/2=<t<T,

4 4

' —e
X = _]E koodd X, =1kn

I
.
0|

k odd

0 k even 0 k even

x(t)=A, + EAk cos(27kf,t + ¢, ) = X, + Re{z XkeJ'ZJrkfot}

k=1 =1

x(1) = Lcos(27fyt = Z) + 2-cos(2m3 fot = Z) + ..




