Frequency response

FIR

y[n] = :E()bkx[n — k]

W[k]= 3b,68[n-k)
<

Easy to go from difference
equation to frequency response
because h[n] finite length and
h[n] = [bo, by,...].

IIR
y nl =§ [n—l]+ %bkx[n—k]
- =1 k=0
k)= Sbo[n-k]
I k=0
! Argh!
X
H(d)= Shlkle™
Tough to go from diff.eqn.

to freq. response because
h[n] infinite length,
h[n]=f(a,bx) is complicated,
and H (®) may be unbounded.



temporal space - n complex frequency space- z

yn, =24 Y[”‘l]*'gobkx[”‘k] H ) Eb 4 ﬁo(z—zﬂ.)
N — )= N =3
hk]= 3b,0[n-k] o -Sazt M(z-z,)
= k=1 i=0
ey AN l

wntom - @41 road block
H (@)= Shlkle™ «—— H(w)=H(")=H(2)

HUITay ' The frequency response is

H(z) evaluated on unit circle

z=el®

frequency space - ®

Benefits of z-plane and z-transforms:

1. Get around road block by using z-plane and z-transforms.
Compute system function from diff.eq. coefficients, then evaluate on the unit
circle to find the frequency response.

2. z-plane (pole/zeros) will tell us if system stable and frequency response exists.

3. By using z-transforms, solution to diff.eq goes from solving convolution in
n-space to solving algebraic equations in z-domain (easier).

And lots more...!



Infinite signals

x[nl=a"uln] <  X(z)= E e
x[n]=0 n<0 2 3
right sided = 1 + aZ + (az_l) + (ClZ_l) co

geometric series

X ( Z) = = ‘az_l‘ <1 region of convergence

or [z]>d|



Infinite signals

x[n]=0 n=0 k=— 5 ;
— 1 1 1
left sided —_aZ_(aZ> —(aZ)

1
X ( Z) = = ‘Z Z‘ <1 region of convergence

or [z]<ld|



Infinite series:

1
n
X[I’l] =d l/t[l’l] < X(Z) = 1 ‘Z‘ > ‘Cl‘ region of convergence
l-az
x[n]=0 n<0
right sided
" 1 1
X[n]=-a"ul-n-1] < x(z)= — Kl <la
l-az
x[n]=0 n=0
left sided
Finite series:
N-1
x[n] = a”(u[n —M]-u[n —N]) < X(2)= Eakz‘k
k=M
\M N\
(az)" - (az™)
X(Z) = 1_ aZ—l
all z region of convergence

ImX(z)=N-M

Z—a



Equivalent ways to represent the system

@ N M @X[n]‘vr'ﬂg d
ynl=3ayln-1]+3bx|n-k| anit delal
=1 k=0 »6+ .

difference equation ,
9 :[I —— block diagram yinl
mspection

x[n]=8[n] ﬁ

z
@ h[n] —_ y[n] <[n15[n] D H(Z) —_ k=0N - — i=0
impulse response 1-3 az H(Z — Zpi)
sequence k=l .

@ system function pole-zero @

' polynomial locations
Jjo :[I
z=e€

@ All poles must be inside
_ jo\ _ unit circle for H ()
ﬂ'[(a)) =H (6 ) =H (Z) =eJ® to converge and the system
frequency response to be stable. (causal system)
(FIR filter always stable)




Equivalent ways to represent the system

@ N M @X[n]‘vr'ﬂg d
ynl=3ayln-1]+3bx|n-k| anit delal
=1 k=0 »6+ .

difference equation ,
9 :[I —— block diagram !
mspection

x[n]=8[n] ﬁ

Z .
@ h[n] —_ y[n] <[n15[n] D H(Z) —_ k=0N - — i=0
impulse response 1-3 az H(Z — Zpi)
sequence k=l .

@ system function pole-zero @

' polynomial locations
Jjo :[I
z=e€

@ The region of convergence must
: Contain the unit circle for H (o)
_ jo) _
ﬂ'[(a)) =H (6 ) =H (Z) =eJ® to converge and the system
frequency response to be stable. (general)
(FIR filter always stable)




H(z)=5+57 +32
yln]=H(z)z"
num=0 H(Z) =0 y[l’l] =0

denom=0 H(Z) = 00 y[l’l] —

H(z)!

72=0

Z+z+1=0 Zeros

+j2m
z= —( 1+ ]\/7 ) = % roots of numerator

poles

z=0,0 roots of denominator

*FIR L point summer/averager
only has zeros on unit circle

FIR filters enly havezeros
onuntt-etrele-and poles

are either at O or c.

#poles=#zeros
“extra” zero/poles are at z=x.
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Real Part ﬁ .
25-pt averager lowpass FIR filter AR B B i E e L Ea
*poles all at zero (or =) a2l 02 04 06 08 1
*zeros evenly distributed on unit circle HonnsizeEranuesylzamuzamile)
*missing zero at DC (lowpass)
0
@
o]
2 2 5
15 z
' ‘= -100
o
1 'O g_]so 1 i : H
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& o (o) :
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24-pt bandpass FIR filter  b=firl (24, [.45 .65], bandpass):
*poles all at zero (or )

*zeros not necessarily on unit circle

* Only pole locations affect stability



H(Z)=%+%Z_1+%Z 2
3z
ylnl=H(z)z"
num=0 H(Z) =0 y[n]=0 22+7+1=0 ZEeros

. +j2m
= %(—1 + ]\/g) =e % roots of numerator

denom=0 H(Z) = OO0 y[l’l] = OO Z2 =0 poles

z=0,0 roots of denominator

FIR filters have poles

IH(z)I :
(z) at either at O or .

#poles=#zeros
“extra” zero/poles are at z=¥.




system response |H(z) pz plot

-
T

o N o °
n » o oo
T T T

Imaginary part
o

N x> -

TextEnd

°
N
T

Real part

frequency response

0
H (w)=H(e")=H(z)
The frequency response is
H(z) evaluated on unit circle

IH(e)l. ]

z=e/®




Solving impulse response

y[n]=x[n]-y[n-2]
x[n]=90[n]

1teration

y0]=x[0]-y[-2]=1-0=1
Y11= x[1]-y[-1]=0-0=0
y21=x[2]-y[0]=0-1=-1
V31=x[31-y[11=0-0=0

y[4]1=2[4]-y[2]=0~(~1) =1

Remember:

M

—k
b 7> = cos(D)z

H(z)= 22 - it X(@)=— =
Y@ Eakz—k 7" =2cos(w)z+1
k=1

)
x[n] = cos(@n)u[n]

~ T 27
n=—=—
2 4

z-transform
Y(2)=X(@)-2"Y(2)
(1+272)r@ = X@

Y (2) 1 system
H((z) = = .
(z) X(2) (1+Z_2) function
Y(2)=H(2)X(2) = (1+1 _2) X(2)
<

V(@) == f

(1+z‘2) 27 +1

| Inverse z-transform (lookup)

y[n]=h[n]= COS(% n)u[n]

)’[n]= {1907_17071a"'}



27T

yln]=x[n]-yln-2] h[n]= cos Tn)u[n] impulse response

x[n]=uln] step input
iteration
y0]=x[0]-y[-2]=1-0=1
Y11= x[1]-y[-1]=1-0=1
y21=x[2]-y[0]=1-1=0
31=x[31-)[1]=1-1=0
y[4]=x[4]-y[2]=1-0=1

Solve difference equation (

convolution
x[n] 1 1
h[n] 1 o -1 0 1 0 -1

[E—
[E—
[E—
[E—

1 1

U
U
S =
[E—
[




z-transforms

yln]=x[n]-yln-2] x[n]=u[n]
[n] Y(z)
Y 1
|z < " -
1 uln] (1 —~ az"l)
Y(2)=X()-2"Y(2) X(@)=+—73
1-z z2(z - cosa)
1 cos(an)u[n] < 7 (zeosa)et]
Y (z)= ) X(z)=H(z)X(z) multiplication
(1 T2 ) cos(z—nn)u[n] < %
v 1 1 4 (1+ Z )
<) = Sum of responses of
(1 + Z _2) (1 — Z_l ) individual Eingle real
poles, or complex
|  partial fraction expansion co?jugate pairs of
poles.
-1 n
Y(2) = 1/2 1/2 1 z n ylnl

| Inverse z-transform (lookup)

[n]—l+lcos 2—En +lcos 2—n(n—1)
Y 2 2 4 2 4

=) ) 27

1/2+1/24+0=1
1/2+0+1/2=1
1/2-1/240=0
1/2+0-1/2=0
1/2+1/24+0=1
1/2+0+1/2=1

wm B~ W = O



Partial fraction expansion

1

Y(Z)=(

We know:
single pole @ z=a

right sided sequence

1
1-az

— < a’u[n]

/> a

left sided sequence

1
l1-az

1

| <al

1+277)1-3 2

residuals \4
A B

(+2:7) (1=327)

Sum of responses of
individual single real
poles, or complex
conjugate pairs of
poles.

complex conjugate poles

z(z - ycosa)

T (2ycosa)z + y? = cos(om)u[n]

/>

< —-a"u[-n-1]



Partial fraction expansion

Y(Z) _ 1 — A + b Sum of responses of
- 1 -1 -1 3 -1 individual single real
(1 +2z )(1 B %Z ) (1 +22 ) (1 B ) poles, or complex
conjugate pairs of
poles.
| cross multiply
A(l-327)+B(1+277)
Y(z)= (1+2 -1)(1_; _1) We know:
< 1% right sided sequence
1 "
| collect terms —1 <a l/t[l’l]
l-az
| >1d]
Y(2) - % A+ 2B)Z_1 + (A + B) left sided sequence
<) = ~ - 1
(1+2Z 1)(1—%2 1) 1 — e —a"u[-n-1]
—_— aZ

| <al



1
1+277)1-327")

__ A B
(1+2z-1) (1—%[1)

Y(Z)=(

_(-3A+2B)7" +(A+B)
- (1+ ZZ_I)(I— z_l)

_% A+2B=0 A+B=1 match coefficients
8 53
11 11
8/11 3/11 1
V()= 1T _

(e2) (=37 (e2e)-37)

We know:

right sided sequence

1
1-az

-1

< a"uln]

/> a

left sided sequence

1
l1-az

-1

< —-a"u[-n-1]

| <al



Inverse z-transform

1
Y(7)=
NI
= 8/11 + 3/ 1 We know:
(1 + 2z‘1) (1 -3 z_l) poles:3/4,-2 right sided sequence
1 n
g | In?\’/ers% Z—tﬁansform 1— aZ_l < da u[n]
ynl=—=(-2) uln]+ H(Z) uln] | >[2] /> ld
Causal , unstable left sided sequence
1 1 T < -a'u[-n-1]
ROC —-az
<] <la
T
200 o
0 L.~ O ’
-10 0 10




Inverse z-transform

1
Y(z)=
R (PSR ()
= 8/11 + 3/11 We know:
(1 + 22_1) (1 - % Z_l) p016823/4,—2 right sided sequence
1 ,
8 | Inverse z—tr%nsfoirsm ; 1_ CZZ_I <d l/t[l’l]
ylnl= = (-2)" ul-n~1]- H(Z) ul-n-11 |g|<]3 | <> d]
. left sided sequence
anticausal, unstable 1
y — < —a"u[-n-1]
i 1-az
| <al
> T
~ 1 \ o
//_ 11 > oo
LSS \\\ / | ss o
B 0F ° O?OOOOOOOOS‘(




Inverse z-transform

1
Y(7)=
R (PSR ()
_ 8/1 1 + 3/1 1 We know:
(1 + 2z'1) (1 -3 z_l) poles:3/4,-2 right sided sequence
1 ’
} Inverse z-transform 1= az'l <d l/t[l’l]
ylnl= —E(—2)nu[—n—1]+i(§) uln] <|>1d
H L1\4 |Z| < |Z| < |2| left sided sequence
two-sided, stable 1 i
p— < —a ul-n-1]
| <|a
! I

-10 0 10



Inverse z-transform

1
Y =
R (PSR ()
_ 8/11 + 3/11 We know:
(1 + 22_1) (1 - % Z_l) p016823/4,—2 right sided sequence
1 ,
| Inverse z-transform 1_ CZZ_I <d l/t[l’l]
8 3(3)" <> d]
y[n]= H(—Z) uln]- H(Z) u[-n-1] 3| <|z|Ne]> 2| left sided sequence
not possible N iz-l < —a"u[-n—1]

| <al



1
1+277)(1-327")
8/11 3/11

Y(Z)=(

Inverse z-transform

N

poles:3/4,-2

| Inverse z-transform

8 3(3Y)\"
_ % (L) 22 2
yinl=—(-2) u[n]+11(4) uln] 2> 2
y[n]=—%(—2)” [—n—l]—%@) u-n-11  F<B
8 n 3(3Y)\"
y[n]:-H(—Z) u[—n—1]+ﬁ(z) uln] |%|<|z|<|2|

8 3

causal, unstable

anticausal, unstable

two-sided, stable

yln]=— (_2)n uln]- %(Z) ul-n-1] |%| < |z| N |z| > |2| not possible



Partial fraction expansion Il

Y(z) = 4z+7.6 _ 4z+7.6 z _ 4+7.67"
—67"'+5+4z7 -6z"'+5+4z7 7' -677+57'+4
Must be in terms only of z-!
Y(2)= 4 ;- 7'6Z_11 = 4+7.67" factor denominator into form
67452 44 (1+227)(4-37)  (1epa 1o )
o 1+1.97"
o210
A B
= +
(1+277)  (1-327")
How to find A,B? 5 .,
] A ) B ) coverup” method
Y(Z)‘(1+2z 1)= (1+2Z_1)‘(1+22 )+ (1_2Z_1)-(1+2z )
Y(z)-(1+227)= A+ 5 - (1+227)
(1-3z
B

= A+ (1—2{1)‘

Y(2)-(1+227)




Partial fraction expansion Il

4+7.67 4+7.67 1+1.9z"

R e S M

Y(z)=

A B
(1+2z*) (1—gz*)

A=Y (z)(l + 2z‘1) = (11+_1;9ZZ_11) =0.036
4 s
R e T

0.036 0.964
(1+2z4) (1—%z4)

Y(z)=



Effects of a zero

zeros: 0,0

zeros: 0,-1.9
1 1+1.9z7
Y(2)= B +1.97
(2) (1 + 2Z_1)(1 — %Z‘l) poles:3/4,-2 Y(z)= (1 + 22_1)(1 _ %Z—l)
0.73 0.27
= + 0.036 0.964
e2) " -3 MO ] i)
yln]= —%(—2)”u[—n ~1]+ %G) uln] y[n]=-0.036(-2)" u[-n-1]+0.964(3)" uln]
3 <[ <[2]
|%| < |Z| < |2| zero at z=-1.9
| | close to pole at z=-2, 1 |
pole’s effect reduced 0s |
(0.036 vs. 0.727)
—0.5 '
- I -10 0 10

-10 0 0 two sided sequences



Partial fraction expansion III

Y(2) = 4z+7.6  4z+7.6  z Mot be -
67 '+5+47 —67'+5+47 7 ust be in terms only of z
4722 +7.67
47> +57-6

72 +1.9z factor into form (z-p1)(z-p2)
( 7+ 2)( z-2 ) Hint: use matlab’s root command

We know:

right sided sequence

Z
= < a"u[n]

/> a

left sided sequence

-t s —a"u[-n-1]

| <al



Partial fraction expansion III

¥(2) = 4z+7.6z  z2+19z
472 _6 _3 We know:
4274526 (Z ¥ 2)(Z 4) i right sided sequence
_ Az N Bz L C 1 - < < a"uln]
(z+2) (z-3) —az” z-a ol
47% +7.67 left sided sequence
C=Y(Z)L=O T 477 +57-6 =0 L _ 2 < —-a"ul-n-1]
=0 l-az”' z-a
_3 2 Zl<l|a
g Y@E-9 _Z+192) o0, <] <la
z | 2z+2)|
2
PRRACICLEY PR A A
< 7==2 Z(Z - Z) 7==2




Partial fraction expansion III

¥(2) 47° +7.67 22 +1.97
=— . ~ 3 We know:
4274526 (Z ¥ 2)(Z 4) i right sided sequence
< n
0.036z 0.9647 T < a uln]
— + : l-az Z—a
(z+2)  (z-3) >
left sided sequence
1 Z ;
yln]= —0.036(—2)n u[-n-1]+ O.964(%)n uln] I—az”! = —a < —a u[-n-1]
| <al
3 <[ <[2]
I P
- |

two sided sequence



Long Division

Y(z)= 1+1.97™" ~ 1+1.9z77!
(1+2z_1)(1—%z_1) -3z 457741
1+0.65z7' +0.687z7% +0.1167™ right sided sequence

=1+2z7" —%z‘2)1+1.9z_1
1+1.25z7' 1.5z
0.6577 +1.577
0.65z7' +0.813z2 -0.9757"
0.687z7>+0.9757
0.687z>+0.859z° -1.0317™

0.116z7° +1.031z*
yln]=0[n]+0.650[n—-1]+0.696[n-2]+0.120[n— 3] +--- 0 beooo00000  ©
compare °

y[n]=0.036(-2)"uln]+(2)"0.964uln]  ={1,0.65,0.69,0.12} n=0,12,3 - |



Long Division

1+1.977" 1+1.977"
1+2z_1)(1—%z_1) -3z 457741

Y(z)=(

left sided sequence

~1.2677-1.723z -2.2817° +...
— 15772 4+1.2577"+ 1)1.9z-1 1
1.9z7'-1.584-1.2677
2.584 +1.2677

2.584 -2.1547-1.72377°

3.421772+0.97577
3421772 -2.851z2-2.28177*

yln]l=-1.270[n+1]1-1.720[n+2]-2.280[n+ 3] +---

compare
ylnl=-0.036(-2)"u[-n-1]1-(2)"0.964u[-n-11={-1.27, -1.72, -2.28}

Il={-1,-2, _3} A



Fourier
Series

2 TO — j 27kt
X, == [x(t)e” 7vdi
1%

Fourier Transforms

Compute spectrum of signals

DTFT  H (®)= S h[k]e’™

DFT

X[k]=

n

0

x[nle

J(27k/ N)n

Periodic in (cont.) time
Discrete freq

Discrete time
Periodic in (cont.) freq

Discrete & periodic time
Discrete & periodic freq



Discrete Fourier Transtform
(DFT)

Compute spectrum of discrete-time periodic signals

DFT
N samples in time domain z N complex numbers in frequency domain
IDFT
N-1 |
DFT X[k]= E x[nle 2k N)n analysis
n=0
= _
IDET x[n]=— E X[k]ej(zﬂk/N)” synthesis A
N 3
T 1
/ 1
- L
\ T

DFT: sample continuous H(w) (DTFT) at N evenly spaced frequencies




x[n] periodic with period N samples

N-1
x[n] = 1 E X[k]e /2 N)n composed of N frequencies
N = harmonically related

N-1
DFT X[k] — Elx[n]e—j(Zﬂk/N)nJ
n=0 M

move X, to DC

original spectrum

| ' -2mk | N
7T 0 27k/N T 0

shifted spectrum



x[n] periodic

N-1
DFT  X[k]= Y x[n]e”/*"™)"
n=0 v

move X, to DC

original (aliased) spectrum

Xy

X .
X,
‘ x
' ' ' ' > ~27k
0 27k/N 7T 21, N0
w>rt aliases of negative frequency X
* 0
components « X
1
X, X X,
= ‘ 2
0 T o

shifted spectrum



x[n] periodic

N-1
DFT X[k] _ E x[n]e—j(ZJTk/N)n
n=0

——

TFIR low pass filter to measure DC
(N point running sum, {1,1,1...1})
zeros @ harmonics

shifted spectrum

X, X discrete spectrum
2o
" X 1 = X XO Xl y
X, X, ! X, v X
X[k] ‘ 2 ‘
FIR filter w/ zeros k

at harmonics



x[n]={1, 1, 1, 0} Impulse response of 3pt summer

N-1 3

X[k] = Ex[n]e—j(an/N)n — E x[n]e—j(2nk/4)n

= 0]+ x{1]e ™) 4 2 2]e P2 4 4 3] 2

7 JU

J5k — jok A

=l+e

— 3T ) ik — %k T~
=l+e’ (e“ +e]4) “TN

=1+ 2[—\/5(1 + j)]k cos(Zk) N

+ée

check:

k=0, 1, 2, 3 »x=[1110];
X[k1={3, -i, 1, i} X100
o0 e'j(”/Z) e'j(”) ,(37) fit.oopo 0-1.0000i 1.0000 0 + 1.0000i
¢ »fftshift(X)

ans =
1.0000 0+ 1.0000i 3.0000 O - 1.0000i

Note: 0>w>2m
only extract limited number of frequencies due to N samples per period



x[n]1={1, 1, 1, 0}

3
X[k] _ Nzlx[n] - j(27k/N)n = E x[n]e—j(an/4)n A Z

=0 n=0

- 1+2[—w5(1+j)]k cos(k) ~

k=0, 1, 2, 3
X[k1={3, -i, 1, i}

H(®)=e"(1+2cosd)

Note: 0>w>2m
only extract limited number of frequencies due to N samples per period



Redo like homework

x[n]={1, 1, 0}
e c — j(2mk/4)n
X[k] = Ex[”l] —j2kIN)n = Ex[n] J
=0 n=0
| _ o (2mk/4)3 [ = o312
a | — o~ 1Ct]4) R
1-j*
-—1_ k=0
1-(=J)
2 2. 2
X[k]= Ee—](znom)n _ Ee-]o _ El ~ 3
n=0 n=0 n=0
X[k] = {3a_ia19i}

k={0,1,2,3}

works okay if you have
x[n]’s =1 or complex exponentials

2
27rk/4
e

n=0
Remember
N-1 N
1-a
Clk =
prd l1-a

X1 _l-jl-j 1-2j-1_
1+j1-j 2
.2
X[2] = 1-j 2=1_(—1)=
1-(-j) 1-(=D
-7 1=(=j) 1+jl1+j 1+2j-1
X[3] =——L - D _1+j1+) 1+2)

=J

1-(-j)  1-j 1-jl+j 142



Padding
x[n]={1, 1, 1, 0}

N-1
X[k]= Ex[n] ~ 2kl N)n Ex[n]e'f (27t /4)n EX[n]e j(2k/4)n

n=0
k=0, 1, 2, 3

X[k1=13, —-i, 1, i X[k] is samplec} o)
- { N ox m } version of H(®) ()
o 27[ N time samples =
pc T N frequency samples X[k]
H(®)=e""(1+2cosd)



Padding

Pad x[n] to get more samples of H ((f))

x[n]{lllooooo}

N-1 2

X[k] = E x[nle - j(27ak/ N)n _ Ex[n]e—] 27k /8)n _ Ex[n]e—J 27k /8)n
n=0 n=0 n=0 N ‘
k=0, 1, 2, 3, 4, 5, 6, 17
X[k1={3 1.7-j1.7 =i 29+,29 1 029-,029 i 1.7+ j1.7}
pc i 1 i T Sl Sl

H(®) =

e " (1+2cosd)



DFT Convolution

DTFT
ylnl* x[n] < Z(®) = Y (@) X(@) <> zln]
sample frequency sample
domain domain domain

Y[k] sampled version of Y (@)
Use DFT to compute Y[k] and X[k]

DFT IDFT

yinl® x[n] < Z[k] =Y[k]X[k] < z[n]

circular
convolution



DFT Convolution

Problem:
z[n]=y[n]*x[n] x[n]: length N
y[n]: length N
DFT z[n]: length N+N-1

Zk]=Y[k]X[k] X[k]: length N
Y[k]: length N
IDFT Z[k]: length N undersampled frequency

z’[n] z’[n]:length N aliased time samples



DFT Convolution

CcX.
[n] 1 -1 1
x[n]=[1 -1 11, y[n]=[1 2 3] ol 12 3
z’[n]=x[n]*y[n]=[1 1 2 -1 3] 1 2 3
1-2-3
1 23
3pt DFT Zn] 11 2 -13
X[k]=[1 1+ j1.7321 1-1.7321]
Y[k]=[6 -1.5+j0.866 -1.5- j0.866]  — /
Zlk]= X[k]Y[k]=[6 -3-j1.73 -3+j1.73] J
/]

Z[n]=[11 2 -1 3]
Z'lk]=[6 1.43+;0.139 -1.93+;4.03 -1.93-;4.03 1.43-;0.139]



ZIk] = X[KIYTk]=[6 -3-j1.73 -3+j1.73]
l 3pt IDFT
Z[k]=x[n]® y[n]=[0 4 2]
| i [ / T 7 |
005 i 75 2 }\é\s}s y/ 5
4 ' T -« ' ' ' '
Ufr 75 i 52 25 75 4 45 5

temporal aliasing
samples wrap

Z'lk]=[6 1.43+;0.139 -1.93+;4.03 -1.93-;4.03 1.43-;0.139]

l 5pt IDFT
z’[n]=x[n]*y[n]=[ 1 1 2 -1 3]



ZIk] = X[KIYTk]=[6 -3-j1.73 -3+j1.73]
l 3pt IDFT
Z[k]=x[n]® y[n]=[0 4 2]
| i [ / T 7 |
005 i 75 2 }\é\s}s y/ 5
4 ' T -« ' ' ' '
Ufr 75 i 52 25 75 4 45 5

temporal aliasing
samples wrap

Z'lk]=[6 1.43+;0.139 -1.93+;4.03 -1.93-;4.03 1.43-;0.139]

l 5pt IDFT
z’[n]=x[n]*y[n]=[ 1 1 2 -1 3]



DFT Convolution

cX

X[I.l]z[l -1100], y[n]=[12300] To avoid temporal aliasing, pad signals
so lengths are 2N-1

X[k]=[1 -0.118 +j0.363 2.12+j1.54 2.12-j1.54 -0.118-j0.363]

Y[k]=[6 -0.809-j3.67 0.309+j1.68i 0.309-j1.68 -0.809 +j3.67]

Zlk]l=[6 1.43+;0.139 -1.93+34.03 -1.93-34.03 1.43-;0.139]

Zn]=x[n]®y[n]=[1 1 2 -1 3]

If len(x)=N, len(y)=M, then pad so lengths are N+M-1



How does a Fast Fourier Transform (FFT) work?

2 Point DFT
N-1 _ FFT is an efficient
DFT X[k]= E x[nle J(2AkI N ) N=2 way of calculating
n=0 a DFT.
_ X[O]e-j(znkm)o + x[l]e—j(anQ)l
= x[0]+ x[1]e~/"™)
X2 [O] - X[O] + x[l] 1 1 coefficients
X, [1]= x[0]- x[1] 1 -1  Dblock
FFT butterfly
a - — A =g+ h Wk =e—j(2nk/2)
2
- Wi Wzo =1
b — — = -b) W]
1 N2=4 mult



4 Point DFT
N-1
DFT  X[k]= Y x{nle ™" N=4

n=0
_ X[O]e—j(znk/zt)o + x[l]e—j(2nk/4)l N x[z]e—j(anM)Z N x[3]e—j(2nk/4)3
= x[0]+ x[l]e_j(%k) +x[2]e7/ ™) 4 x[3]e_j(37ﬂk)

X[0]=x[0]+ x[1]+ x[2]+ x[3] running sum

3r

X[1]= x[0]+ x[1]e ) + x[2]e ) 4 x[3]e~ %)
= x[0] - jx[1]- x[2]+ jx[3]

X[2]= x[01+ x[1le ™™ + x[21e /) 4+ x[3]e /)
= x[0]-x[1]+ x[2] - x[3]

_]r
2

X[3]=x[0]+ x[l]e_j(3 o x[21e77C7) 4 x[3]e_](97ﬂ)
= x[0]+ jx[1]-x[2]- jx[3]

X[4]= x[0]+ x[1]e 7™ + x[2]e ™) + x[3]e /1"

= x[0]+ x[1]+ x[2]+x[3]  alias of X[O0] N2=16 mult
N2-N=12 adds



4 Point DFT
N-1
DFT X[k] _ Ex[n]e—j(an/N)n N=4

n=0
3k

= x[07+ x{11e Y 4 2217 4 x[3]e 1 F

X[0]=x[0]+ x[1]+ x[2]+ x[3] running sum
X[1]=x[0]- jx[1]- x[2]+ jx[3]

X[2]=x[0]-x[1]+ x[2]- x[3]

X[3]= x[0]+ jx[1]- x[2]- jix[3]

X[4]=x[O]+ x[1]+ x[2]+ x[3] alias of X|[0]
X[5]=x[0]- jx[1]-x[2]+ jx[3] alias of X[1]
periodic in frequency

only extract limited number of frequencies due to N samples per period



DFT

N=4
X, [0]=x[0]+ x[1]+ x[2]+ x[ 3] 1 111
X, [1]=x[0]- jx[1]-x[2]+ jx[3] 1-j-1 ]
X, [2]=x[0] - x[1]+ x[2]- x[3] 1-11-1
X, [3]=x[0]+ jx[1]-x[2]- jx[3] 1 j-14

N=2

X,[0]=x[0]+x[1] 1 1
X,[1]=x[0]-x[1] 1 -1

cven: XJ[o0],X[2]
1111 Xx,[01=[x[0]+x[2]]+[ x[1]+ x[3]]

= X,[0]
1-1 1-1  X,[2]=[x[0]+x[2]] - [ x[1]+ x[3]] = X, [1]

even

even

k - j(2ak/4
W, =e J(2ak14)

recursive

LLT T Looks like a 2pt FFT

of combined signals

W,

—e Y{0)

odd: x[11.x[3] )
1-j-1j
. ) Looks like a 2pt FFT
1 ] -1 -] of combined signals

e
AN

1

" -

x{3)

X, [11=[x[0] - x[2]]+ [ x[1] - x[3]] =

X2 [O]odd

— X(1)

—— X(3)

FFT

X,[3]=x[0]- x[21]-j[ x[1]1 - x[3]] = X,[1],4; fewer multiplies/adds

N/2log,N=4 mult




DFT

N=4 N=2
X,[0]=x[O]+ x[1]+ x[2]+ x[3] 1111 X,[0]=x[0]+x[1] 1 1
X[1]=x[0]= jx[1]-x[2]+ jx[3] 151 X, [11=x[0]-x[1] 1 -1

X[2]=x[0]-x[1]+ x[2]- x[3] 1-11-1 a ) o
X[3]= 201+ ja1]-x[2]- jx(3] | -] -j >,

cven. X[0],X[2]

1 1)1 1

1—1 1‘1 (1) » - X(2)
odd: x[11.x[3] e . X0

l_j 1 J ]

Ijl-1-j " T

N/2log,N=4 mult

4pt FFT butterfly Nlog,N=8 add



N-1
DFT  X[k]= Ex[n]e_j(znkw)n N=8

n=0
_ x[o]e—j(anM)O n x[l]e—j(2nk/8)1 n x[z]e—j(Zﬂk/S)Z n x[3]e—j(2nk/8)3

x[4]e—j(2nk/8)4 N x[s]e—j(Zﬂk/8)5 . x[6]e—j(2nk/8)6 . x[7]e—j(2nk/8)7

31k

= x[0]+ x[1]e "% + x[27e /) 4 x37e 1)

7_ﬂk)

41 4 115175 4 161 4 477070

X[0]=x[0]+ x[1]+ x[2]+ x[3]+ x[4 ]+ x[5]+ x[6]+ x[ 7]
X[1]= x[0]+ 2 (1- j)x[1]- jx[2]- ¥ (1+ j)x[3]
—x[ 4]+ 2 (<14 j)x[5]+ jx[6]+ 2 (1+ j)x[7]

running sum

X[2]=x[0]- jx[1]- x[2]+ jx[3]+ x[4]- jx[5]- x[6]+ jx[7]
X[3]= x[0]+ 3 (=1 - j)x[1]+ jx[2]+ 2 (1- j)x[3]
—x[41+ 2 (14 j)x[5]- jx[6]+ L (~1+ j)x[ 7]

N2=64mult
N2-N=56 add



N-1
DFT X[k]= E x[n]e—j(ZJrk/N)n N=8

n=0
2#4)

= x[01+ x[1le 7 + 22175 4 k3107

x[4]€_j(nk) + X[S]e_j(%ﬂk) + X[6]e_j(%ﬂk) + x[7]e‘j(77”k)

x[n]

1 La-j) - L(1-j) -1 -F(-4) L (14 )
l S | A

I 21=0) 200 -1 =2(1-0) 4§ L(c14))
1 11 11 11 1
L) o 2ae)) -1 =FE) ()
1 ] -1 ] 1 j q

1 %(1+]) J %(—1+]‘) -1 —%(1+]) -] Tz(l—J)

N2=64mult
N2-N=56 add



DFT

even: X[0],X[2],X[4],X[6] =38 N=
x[n]
X[k] q 1 1 1 1 1 1 1 1111
1 -] -1 ] 1 -] -1 ] 15-1 ]
} Tl _11 :.1 } 1 _11 :1 1-11-1
J J J J 1 -1

odd: x[11.X[31.X[51.X[7]

1 La-j) - FE=4) -1 -20-4) j  F(+))
1 @(-1-]) ] 2 (1-j) -1 -@(—1—1) -] B (-1+
Dofg) 0 ey | 1 7200 G B
Y AR TR s AU B (B



8pt FFT

x() « X{0)
w3

x(1) Xid)

x{2} » + X(2)
wh

x(3) » — X(6)

x(4) » - X(1}
we

x(5) X(5)

x(B) » X{(3)
we

x[7) * - + X{7

Wk _ e—j(2nk/8)

. =
N/2log,N=12 mult
Nlog,N=24 adds






[n]=x[n]-vy[n- 2] The signal has same z-transform
Y B Y as system. The signal is the

! impulse response of the system
z-transform

Y (2) 1 Z 2 system zeros = roots(z”) = 0,0
H (Z) = = D) B function poles = I’OOtS(22 +1)==+j
X(2) (1+z ) 27 +1

Poles: values of z for input x[n]=z" where output y[n]=H(z)z" — =
Zeros: values of z for input x[n]=z" where output y[n]=H(z)z" =0

yln]=hln]= COS(% n)u[n] signal ] ‘ x

|  z-transform ol

Y(z)= L. - :
(1+27) 2+l p I S o

0.2} TextEnd

Imaginary part
o

n 0.4}

Poles: z locations of y[1]=z2

0.6}
n

<

Zeros: related to the magnitude and phase of y[n]

-0.8

The closer a zero is to a pole, the smaller I ‘ e | |

-1 -0.5 0 0.5 1

the effect the pole. Real par




DFT Convolution

cX.

[n] 1 -1 1
x[n]=[1 -1 1], y[n]=[12 3] Sl 12 3
z[n]=x[n]*y[n]=[1 1 2 -1 3] [2 3
-1 -2 -3
1 23
3pt DFT zln] 11 2 -13
N-1
X[k]= Ex[n] —] ZJrk/N Ex[n]e—] (27k /3)n
n=0
=X[O]e—j(2n0/3) +X[1]€ j(271/3)k +X[2]€ j(272/3)k
~1- e—j(2n/3)k + e—](47r/3)k

X[0]=1-¢ /730 4 77530 14121
X[1]=1-¢ 373 4 o7/ 21 4 §1.7321
X[2]=1-¢ 232 4 747192 1 L 173214

X[k]=[1 1+ j1.7321 1-j1.7321]



3ptIDFT ZIk] = X[kIY[k1=[6 -3-j1.73 -3+]1.73]

zZn]=— EZ[k] Sy Ez[k] e
(Z[O] _J (220/3)k Z[l]e 2:11/3 + Z[2]e—J 2n2/3)k)/3
_ (6 . (_3_ j1.73)e—j(2n/3)k + (_3 + j1_73)e—j(4n/3)k)/3

Y[0] =1+ 2¢ /2730 4 3774730 _ 1424326
Y[1] =1+ 2e /3 4 3¢7 473 2 _1 5+ j0.866
Y[2] =1+ 2 /2732 4 3774732 1 5. 0.866

Y[k]=[6 -1.5+j0.866 -1.5- j0.866]

X[k]=[1 1+ j1.7321 1-j1.7321]



3pt DFT y[n]=[1 2 3]
Y[k] = EY[ Je~ /2 }jy[n]

— y[o]e—](2ﬂ0/3) + y[l]e—] 2]‘[1/3) + y[2]e—](2ﬂ72/3)k

— 1_26—1(2n/3)k + 3e—j(4n/3)k

Y[0] =1+ 2¢ /2730 4 3774730 _ 1424326
Y[1] =1+ 2e /3 4 3¢7 473 2 _1 5+ j0.866
Y[2] =1+ 2 /2732 4 3774732 1 5. 0.866

Y[k]=[6 -1.5+j0.866 -1.5- j0.866]
X[k1=[1 1+ j1.7321 1- j1.7321]

ZIk]= X[kY[k]=[6 -3-j1.73 -3+j1.73]

Z[n]=[11 2 -1 3]

o
T

FS
T

Z'lk]=[6 1.43+;0.139 -1.93+;4.03 -1.93-;4.03 1.43-;0.139]




Infinite signals

x[n]=0 n=0
left sided
1
X (Z ) = ]
1-az

k=1 k=0
1 1-(tz)-1
1-(12)  1-(iz
—(iz) -1 1
1—(§z)=(izyl—1=1—wm4

‘%z‘<1

or [z]<ld|

region of convergence



