Period of a Discrete Sinusoid
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Period of Sum of Sinusoids
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Complex Conversions
cartesian —* polar polar —> cartesian
s=a+jb s=a®+ble %) s=rel s=rcosf+ jrsin@
Complex Arithmetic
Addition cartesian (a,+ jb)+(ay + jby) = (a, + a,) + j(b, +b,)
Subtraction cartesian (a,+ jb) - (a, + jb,) = (a, - a,) + j(b, - b,)
Multiplication polar rleje‘ . rzejez = rirzej(6'+62)
76,
re T e -
Division polar 1 = 716](91 92)
ne’? r.
jo\" n_jnd
Powers polar ( re ) =r"e
Roots " 6 Kel2. 1
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z =
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Complex Conversions

cartesian —* polar polar —> cartesian

3+ j4 =\/me"'”w"(%) =57 0% 2073 =2cosZ+ j2sinZ =1+ i3

Complex Arithmetic

Addition cartesian (1 + 12) + (3 + J4) = (4 + 16)
Subtraction cartesian (1 + ]2) _ (3 + j4) = (_2 - ]2)
Multiplication polar 57 6e7F =560/ 51) 2 3007
Division polar 10e”* + 5077 = (%)ej'(%f%) =2¢%
Powers polar (361-%)3 _ 33 o 5 L 970%)
Roots polar 2’ =64=64¢" s
7= 6413 013+2213) _ 4, i(23413) 4:/(“”)

multiply cosines of different frequency

A, cos(w,t)- A, cos(w, + ¢)

Joyt - jot J(wyt+¢) - j(w,t+9)
Al e +e Az e +e
2 2

AA, (e./’wlf j(wa1+9)

.iw.!e*i(wzf+¢)+ - joyt , j(@,1+9)

e +e e e + e'j“’"e""(“’z”"’))
4
Afz (e J(ot+w,t+¢) + e—j(mzl—(u|l+¢) + ej((uzt—u)|l+¢) + e—j((u,l+ruzf+¢))

Alez (COS((CUl +,)1+ )+ cos((, ~0))1 + ¢) )

Representations of Sinusoids

ACOS(Zﬂkat + (j)k) Re{Aeﬂ’*f“‘”} Ael? - (e/2nft Ee—jznﬁ
=Re{AeJ¢ei2/‘§ﬂ} =X.(gj2:m +2€,/21ﬁ)
=Re{Xc*"}

Sum multiple cosines same frequency

iAk cos(2nft + ¢,) = iRe{Akez”f“"’k} = iRe{Ake”ez”ﬂ}
k=1

k=1 k=1

iRe{Akequ })ez"ﬁ

k=1

Ex.  3cos(2w40¢ + %)~ 1cos(2740¢ - )+ 2cos( 2401 + %)

T i T
Red 372727401 1,776 pi2ador 5 5 j2m400

Re{(?&ef7 _1e76 4 Zeg)e-"“w’}

Re{5_234ej1,545€2”401}

5.234 cos(2740¢ +1.545)

Composite signals (waveform synthesis)

xX(t) = Ay + Y, A cos(2kf,t + §,) = X, + Re{z Xkejz”kf“’}

k=1 k=1

decompose a periodic signal x(t) into a sum of a series of
sinusoids - the Fourier series.

Note: The sum of periodic functions is periodic.

€X.
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Xk= W
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k odd

f, =25Hz



Composite signals (waveform synthesis) Composite signals (waveform synthesis)

x(1) = A, + EAk cos(27kf, 1 + ¢, ) = X, + Re{zxkeﬂ”kf"'} x(t)=A, + EAk cos(27tkf i + ¢, ) = X, + Re{EXkejz”k“’}
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Fourier Series
For a given signal, how do we find X, = Akem

foreach k ?

Fourier Analysis

x(t)=A,+ EAk cos(27kf,t + ¢, ) = X, + Re{z Xkejszoz}

k=1 k=1

where
1"
XO N T f x(t)dt fo:-fundamental frequency
b T,=1/,

2 Ty _ j2kt
X, == [x(e 7vdr
1y %

Fourier Series
x()=t Osoct<T0 .
xX() = Ay + Y A, cos(2mkf,t + §,) = X, + Re{z Xkef“kfof}

k=1

X()=E
2
TO — j2mkt
X, =£fte o
Ty
T, (jzﬂk"'l) 2 juk 1, ) Nk
=y 2k e )
T, (j27k +1) T, —1*
Xy =~ 2.2 n_ 212
2 mk 2n°k ~1
X - 1y 2k L, T
I e T e T 2k
= L
wk Tk

Fourier Series
x()=t O0=st<T,

xX(1)= Ay + ), A, cos(2kfyt + ¢ ) = X, + Re{E
1 h
X, =— [ x(t)dt
00
1% 12 11T
= [tdt=——| =0 =0
Ly L2, L2 2
Mathematica:
athena%add math
athena%math

In[1]:=1/T*Integrate[t,{t,0,T}]
Out[1]:=T/2

Fourier Series

Mathematica:

In[2]:= 2/T*Integrate[t*Exp[-[*2*Pi*k*t/T],{t,0,T}] X. =% Jre

1)k Pi

(-1+E ~2DkPi)T)

Out[2]=
2DkPi 2 2
2E k Pi

In[3]:= Simplify[%,Element[k,Integers]]
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Out[3]= ---- LT s
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Fourier Series
x()=t Osoct<T0

x(n)=A)+ EAk cos(27kft + ¢, ) = X, + Re{z XkejZJrkfot}

k=1 k=1

T
o=y
fo:fundamental frequency
X, = et T,=1/f,
mk
x(t) =+ iﬁcos@nkfot +2)
2 ok
L, T, 0
(1) =—r+ =L cos(27f,t + Z) + —Ccos(2m2 fyt + Z) + ..
T J

f, =25Hz
V' T,=1/f,-004
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Fourier Series:Square Wave

O<t<T,/2 " ' '

1
X(t) =
=14 T )2<t<T, * °f

1
0 0.01 0.02 0.03
t

1% 1%
&=?fW+—f4m

00 0 oy

In[1]:=1/T*Integrate[1,{t,0,T/2}]+ 1/T*Integrate[-1,{t,T/2,T}]
Out[1]:=0

X, =0

0.04
0.04,

Fourier Series
x()=t Osoct<T0

x(n)=A)+ EAk cos(27kfyt + ¢, ) = X, + Re{z XkejZJrkfot}

k=1

T
X, =2
)
X, = Eeﬁ
ik
T T
x() =L+ Lcos(2mkf,t + Z
0=3 E —cos(2mkfy + 3)
T, T, T B
x(1) = ?" + ;Ocos(ngfot +Z)+ ﬁcos(2n2f0t +I)+..
0.04 0.04 T
s 1 Defined between 0<t<0.04
- Periodic with period 0.04
! 0—0.04 -(:02 0.04
-0.04 t 004,

Fourier Series:Square Wave
K 1,
2 _j2k 2 _j2nkt
X, == [1e are = [-1e Thar
Lo T,
0 0 0 T%

In[2]:=2/T*Integrate[ Exp[-1*2*Pi*k*t/T],{t,0,T/2} ]+
2/T*Integrate[- Exp[-1*2*Pi*k*t/T],{t,T/2,T}]

1k Pi 1k Pi
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Out[2]= .
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In[3]:= Simplify[%,Element[k,Integers]] . N , . e1-1) ) _](_2)
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KETTT .
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(0)311 ) T E——— -
k Pi X, =1 k odd 2
0 k even -j(-1+1)
X, =



I 0st<Ty)2
x(t) =
-1 T,/2=<t<T,

4

;4 2%k odd
Xk={_jk.7f k odd Xk={kﬂ

0 k even

0 k even

x(H)=A,+ E A cos(2mkfyt + ¢, ) = X, + Re{E Xke'fz”"fo’}

k=1 k=1

x(1) = Lcos(27f,t = Z) + 2o cos(2x3 fyf = L) + ...




