Discrete Sinusoid w/ rational frequency
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y[n] = Sin(z_ﬂ . 5_30 . n) n: samples

y[n] =y[n+T]
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Ts=1/25 sec

y[n]=sin@w- 2 n)

y[n] =y[n+T]
sin(0) =sin(27k) k=1,2...

T=7? samples

Equiv. discrete sinusoid not periodic
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T=7? samples [integer]  50/3 # integer

y(t) =sinQ@x-~2- 1)
T= f sec

continuous function
periodic

2:12£52-n=2nk
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irrational number

n: samples

y[n]=sinx- 3 n)

y[n] =y[n+T]

sin(0) = sin(27k)
k=1,2...

T=7? samples

periodic

2w n=2nk
50 samples  Ratio of

n
k 3 cycle integers

rational number

T=n=50 samples, k=3 cycles

Period of Sum of Sinusoids

Perlod of Sum of Sinusolds
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Least common multiple

seconds to complete
cycles

seconds to complete
cycles

T1=1/5 seconds

1/55,2/55, 3/5s ... i

T2=3/4 seconds
3/4s, 6/4s, ...

4/20s, 8/20s, 12/20s,

15/20s. 30/20s,

16/20s, 20/20s, 24/20s,
28/20s, 32/20s, 36/20s,
40/20s, 44/20s, 48/20s,
52/20s, 56/20s, 60/20s

15 cycles

Tsum=15*T1=15/5=3 seconds

45/20s, 60/20s
4 cycles

1/5%k=3/4%*]
k/1=15/4

rational number

Tsum=4*T2=3/4*4=3 seconds

Tsum=3 seconds

Complex Conversions

cartesian —» olar
p

34 jb ATy A g0

polar — cartesian

2¢’% =2cos T+ j2sinZ =1+ jA3
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Complex Conversions
cartesian —* polar polar —» cartesian
s=a+jb s=a? + ble (%) s=rel® s=rcosf + jrsinf
Complex Arithmetic
Addition cartesian (a,+ jb)+(ay + jby) = (a, + a,) + j(b, +b,)
Subtraction cartesian (a,+ jb) = (a, + jb,) = (a, - a,) + j(b, - b,)
Multiplication polar rleff’n . rzeﬂ’z - rlrzej(ﬁl +0,)
76,
re K i(6, -0
Division polar ! o = 7161( 102)
ne?
jo n n _ jn6
Powers polar ( re ) =r'e
Roots polar " =5= rejﬂ
7= sl/n _ rl/nej(e/n+2nk/n) k=012...n-1

Complex Arithmetic

Addition cartesian (1 + 12) + (3 + J4) = (4 + 16)
Subtraction cartesian (1 + ]2) - (3 + j4) = (_2 - ]2)
Multiplication polar 5¢76e’V =5-6e 5+3) _ 30e’ %
Division polar 10e’7 +5¢7% = (%)ej'(%f%) =2e7%
Powers polar (36/'%)3 =33 ef'(jT”) - 276,/"(37”)
Roots polar 7' =64 =64e’° j o

7= 64113 o (013+27K13) _ 4, i(27k13) 4:/(4””]




Roots polar " =s=re o Roots polar 7" =s=re' R
7= Sl/n - rl/ne](ﬁ /n+27rk/n) 7= Sl/n - rl/ne](ﬁ /n+27rk/n)
1/4
4 {fi6 =16
2 -2 m 2 ) 9 ? -
2:2=4 -2:--2=4 ) 2:2:2:2=16 -2--2--2--2=16 )
r= r=
12 —+ 1/4 . A4
JZ -4 %/Z =4 we expect n=4 solutions
| | | |
(4ej0)1/2 _ 4172 022k 2) f f Re (166_;'0)”4 164 pil04s2nk14) T T
k=0 k=1 T k=0 k=1 k=2 k=3 T
_ 261’(2:;0/2) Zej(zm) _ Zej(2”0/4> _ 26].(2,,]/4) _ 2ej(2”2/4) _ 28].(2”3,4)
=2¢" P =20 _0piTh2 =2l EPWELT
=21 =2--1 =21 =2-1j =2--1 =2--1j
=2 =2 =2 =J2 =2 =-j2
\/Z =+2  we expect n=2 solutions \/E =x2,%j2 Cj2mj2mj2m 222 =4
t(sec)| n B(rad) | cos(0)
Representations of Sinusoids ey oo o
02t ] 18 | 1 /4 0.707
Y(t) = cos(6) o 1/4 2 /2 0
Sample rate: T, = ysec ) [ 38| 3 3x/4 | -0.707
t=nT,
i2afi+g ji j2aft | =2t Discrete Sinusoid :j 172 4 n 1
A cos(Zthf of + ¢, ) Re{Ae } Ae’ (< o e il ﬁ l o | . e
=Re{Aej¢ej2”ﬁ} =X- (e””f’ +e’-f2”/’) O=3n 34 | 6 3x2 |0
- 2 y[n]=cos®) || 7 Tri4 | 0707
= Re{Xe / ’w} N O I
6= 0O
Acos(ant +¢) cos(Zm)



Continuous Sinusoid
()= cos(2mt)
0=2mt
¥(t) = cos(0)

Sample rate: T, = Fsec
t=nT;

Discrete Sinusoid

y[n] =cos(2m+n)

-z
0=%n

y[n} =cos(0)

Continuous Sinusoid
()= cos(2mt)
0=2mt
¥(t) = cos(0)

Sample rate: T, = Fsec
t=nT,

Discrete Sinusoid

y[n] =cos(2m+n)

-z
0=%n

y[n} =cos(0)

complex conjugate pairs

ﬁ N

i 2t -2t
\ ] ~ - X(+)
X= A€j¢ complex

t(sec)| n O(rad) | cos(0) | exp(jO)
0 0 0 1 1405
178 1 /4 0.707 | 0.707+j0.707
1/4 2 /2 0 0+1j
3/8 3 3m/4 | -0.707 | -0.707+j0.707
172 4 e -1 -140j
5/8 5 S5m/4 | -0.707| -0.707-j0.707
3/4 6 3n/2 |0 0+jl
718 7 Tx/4 | 0.707 | 0.707-j0.707
1 8 2 1 141
Acos(ant +¢) cos(Zm)

=Re{Ae/7 ¢} =Re{e?"}

= Re{Ae”’eﬂ"/‘} X1 =1

- Rexe")

X = Ae’
complex phasor
amplitude

t(sec)| n O(rad) | cos(0) | exp(jO) exp(-j0)
0 0 0 1 1+0j 1-0j
1/8 1 /4 0.707 | 0.707+j0.707 | 0.707-j0.707
1/4 2 /2 0 0+1j 0-1j
3/8 3 3x/4 | -0.707 | -0.707+j0.707 | -0.707-j0.707
12 | 4 n -1 -140j -1-0j
5/8 5 S5m/4 | -0.707| -0.707-j0.707 | -0.707+j0.707
3/4 6 3n/2 |0 0+j1 0-j1
78 7 Tx/4 | 0.707 | 0.707-j0.707 | 0.707+j0.707
1 8 2 1 1+j1 1-j1
Acos(ant +¢) cos(Zm)
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_ A(‘,/(Zrmw)w—f(zmw) ) _ 1,(6/(2:rt+0)ﬂ,—1(27rr+0) )

amplitude

_x( :

X=1e"=1

t(sec)| n 0(rad) cos(0) | exp(jO)
Continuous Sinusoid N — 0 0 0262 0.966 | 0.966-0.259;
W)= cos(2mt + 53 ot )
0= 2m+bix o 18 | 1 1047 | 0.500| 0.500-0.866
()= cos(6) - 1 va | 2 1833 | 0259 -0.259+j0.966
Sample rate: T = Fsec L T 3/8 3 2618 -0.866 | -0.866-j0.500
t=nl; . ’ )
Discrete Sinusoid . o 1 12 4 3.403 -0.96 | -0.966+j0.259
yn]=cos@atnediy) L . 58 | 5 |41g9 | -0.500| -0.500+i0.866
O=Fn+ i y / 4 | 6 | 4074 | 0259 0.259+0.966
y[n]=cos(0) 78 | 7 |s760 | 0866 0.866+0.500
1 0.966 | 0.966-j0.259
Rotating Phasor 8 6.545 ]
w/ initial phase
0-0.262:
157
m Acos(2r47’t+¢) cos(2m+ﬁ)
. jl2mel3T
TR = Re{Aefz‘Tf”“’} =Refe ( ‘8”)
- Re{Ae”’e”"/‘} jlsa
- 180 pJ27
= N =Reje e
= Re{Xe’ ”ﬂ} )
= Re{Xe/ 2’"}
X = Ae’? s
complex  phasor X=1e" =¢
amplitude
Representations of Sinusoids
j2afi+p ; o, -2
Acos(2mkf,t + ¢, Re{Ae } Ae’? - (e e
=Re{Aej¢e/2nft} =X.(L,j27gf/+e—j2:rﬁ)
2
=Re{Xe*"}

Sum multiple cosines same frequency

iAk cos(27ft + ¢,) = iRe{Akez”f“"’k} = iRe{Akemez”ﬂ}
k=1

k=1 k=1

= iRe{Ake” } e

k=1

Ex. 3cos(2n401 + %) - 1cos(2n40t - %) + 2cos(2n40t + %)

+ 20520

(Se’% -1’7 + 26%)6‘2”40’

J5 j2maor -Jjg 240t
3e’?e’ —le’ce

5'23461'].54562:140[

5.234.cos(2401 +1.545)



multiply cosines of different frequency

A, cos(w,t)- A, cos(w, + ¢)

jout - joyt i(ot+¢) = j(wst+9)
Al e +e Az e +e
2 2

AA . . . . . . . .
1412 (e_/wlte j(wyt+¢) +el™ie j(wat+¢) +e ;w,re_/(w21+¢) +e i _/(w2[+¢))
4

A1A2 (6 J(ot+w,t+¢) + e—j(mzl—(u|l+¢) + ej((uzl—u)|l+¢) + e—j((u,l+ruzf+¢})

Alez (COS((CUl +,)1+9) + cos((, ~0))1 + ¢) )

Composite signals (waveform synthesis)

xX(t) = Ay + Y, A cos(2kf,t + §,) = X, + Re{z Xkejz”kf“’}

k=1 k=1

decompose a periodic signal x(t) into a sum of a series of
sinusoids - the Fourier series.

Note: The sum of periodic functions is periodic.

€X.
-8
X =1’k
0 k even

k odd

f, =25Hz

Composite signals (waveform synthesis)

x(t)=A,+ §Ak cos(2afit +¢,) = X, + Re{ixke,zm,}

Consider harmonic signals
fo=k,  Harmonics
()= A, + S A, cos(2kfr +,) = X, + Re{ S xke"“ka'}
k=1 k=1

Composite signals (waveform synthesis)

x(t)= A, + EAk cos(27kf,t + ¢, ) = X, + Re{z Xkeﬂ”kf‘"}
k=1 k=1

-8 8

Jm
X, =172 k odd X, =17 e k odd
0 k even 0 k even
k=1
x(t) =0.8105 cos(2;t251 + J'L’)
08 ~ ~ 2 o N N /, \\




Composite signals (waveform synthesis)

xX(1) = Ay + Y, A cos(2kf,t + §,) = X, + Re{z Xkejz”kf“’}
k=1 k=1
8
X, =172 e’ k odd
0 k even

k=3

x(1) =0.8105cos(27251 + ) + 0.0901cos(27751 + 1)

Composite signals (waveform synthesis)

x(n)=A,+ EAk cos(27tkf i + ¢, ) = X, + Re{

k=1

X, =17%"
0
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Jjm

k odd

k even

o
j2mkfyt
Sxe

k=1

|

spectrum N
s 0.4053¢77" 0.4053¢’" o
;L
L
X
;L
I 0.0450¢ 0.0450¢
T 0.0162¢™" T Toméze“
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-125 75 25 25 75 125

x(1) =0.8105cos(27251 + ) + 0.0901cos(27751 + ) + 0.0324 cos(27w125¢ + 1) + ...

!

k=5

x(1) = 0.8105cos(27251 + ) + 0.0901cos(27751 + ) + 0.0324 cos(27125¢ + 1)

A A

Fourier Series

For a given signal, how do we find X, = Akem
for each k ?

Fourier Analysis

x(t)=A,+ EAk cos(27kf,t + ¢, ) = X, + Re{z Xkeﬂnkfoz}

k=1
where

Ty
X, = ifx(t)dt
Ty %

fo:-fundamental frequency
T, =11,

2 Ty 2kt
X, == [x(ne 7vdr
1y %



Fourier Series
x()=t O0=st<T,

k=1 k=1

1 h
X, =— [ x(t)dt
00
1% 12 11T
= [tdt=——| =0 =0
Ly L2, T,2 2
Mathematica:
athena%add math
athena%math
In[1]:=1/T*Integrate[t,{t,0,T}]
Out[1]:=T/2
Fourier Series
Mathematica:

ve/2ﬂ@b’}

x(H)=A,+ EAk cos(27kfyt + ¢, ) = X, + Re{z X,

004 T T T

0.04

[ 1 1 |
) o1 0 03 [
i 00,

2 Ty _j2ak
X, == [x(e Todt
Ty

In[2]:= 2/T*Integrate[(*Exp[-F*2*Pi*k*UT] {10,T}] X, == [re "oan

2D kPi
-((-1+E -2DKkPDHT
Out[2]=

Q2DkPi 2 2
2E k Pi

In[3]:= Simplify[%,Element[k,Integers]]

IT
Outf3}= — o hh
k Pi Uk ok

I

. -((-1+e2"'” - 2jk7r)T)
-

26222
=2 jmk

e ™ =1
— jk k

e ™ =-1

Fourier Series
x()=t O0=st<T

x(t) = Ay + D A, cos(2akfyt + ¢y ) = X, + Re{ Exkeﬂ”‘fm}
k=1 k=1

XO =% ox
cX 4
5 -/2:1/% J xe“dx = = (ex-1)
X, =—]te o dr .
T oo ZI2k
j27kTy /T Tb
2 e’] Tkl 110 . 2 1
Xy = To[ (- j2nk /Ty )2 ](_JzﬂkTo/To _1)_%[(,.2””“))2 }(_1)
X - T, (j27k +1) o2 _ Ty
o g%l 27 k>
T, (j27k+1) T, _it
R Y -
=1
T, 2km T, T,
X, = 20 g0 70
I TR T ke
_ih L
I T
Fourier Series
x(t)=t Osoct<T0 .
xX() = Ay + Y A, cos(2kf,t + §,) = X, + Re{z Xkejz”kfb’}
k=1 k=1
T,
X, = ?"
T fo:fundamental frequency
x, =Joot T,=1/f,
Ttk
T, T
x(H) ==L+ E—Ocos(anfot +2)
2 Hak
T, T, T
x(1) =2+ Lcos(2af,t + L)+ —2cos(2a2 ft + L) +...
2 ( o 2) 27w ( fo 2)
0.04
0.04 fo - 25HZ
L VT =1/f,=004
t
7 terms
0 9

001 0.02 0.03 0.04
t 0.04,



Fourier Series

x()=t Osoct<T0 .
xX(1) = Ay + Y A, cos(2mkf,t + §,) = X, + Re{z Xkejz”kfb’}

k=1

T
X, =2
)
X, = Eej%
ik
T T
x() =+ Lcos(2mkf,t + Z
0=3 E —rcos(2mkfy + 3)
T, T, T B
x(1) = ?" + ;Ocos(ngfot +Z)+ ﬁcos(2n2f0t +I)+..
0.04 0.04 T
s 1 Defined between 0<t<0.04
- Periodic with period 0.04
! 0—0.04 -(:.02 0.04
-0.04 t 004,

Fourier Series:Square Wave
K 1,
2 _j2k 2 _j2nkt
X, == [1e are = [-1e Thar
o T,
0 0 0 T%

In[2]:=2/T*Integrate[ Exp[-1*2*Pi*k*t/T],{t,0,T/2} ]+
2/T*Integrate[- Exp[-1*2*Pi*k*t/T],{t,T/2,T}]

-1k Pi 1k Pi
101 -E ) I-1+E ) _ _
Out[2]= - + : ¥ - —j(l—g‘/k”) j(il_ﬂ)]k”)
k Pi 2DkPi k kT 2k
E k Pi
In[3]:= Simplify[%,Element[k,Integers]] . e ‘. —j(—l _ 1)2 N ](_2)2
i1+ (0 ke ka
N e 4
AC1+CD) i ='1i*
Out[7]= ---------------- 43
K Pi X, =1" j— Kk odd ]
0 k even —j(—l + l)
X, =

Fourier Series:Square Wave

1.1 1 T T -

0<t<T,/2

1
X(t) =
=14 T)2st<T, =

o
T
1

t
0 001 0.02 0.03 0.04
t 0.04,

1% 1%
X0=Ff1dt+—f—1dt

00 0 Tof

In[1]:=1/T*Integrate[1,{t,0,T/2}]+ 1/T*Integrate[-1,{t,T/2,T}]
Out[1]:=0

X, =0

1 0st<T,)2
x(t) =
-1 T,/2=<t<T,

. 4 2 E k& odd
Xk_{_jkff k odd , Xk={kﬂ

0 k even 0 k even

x(H)=A,+ E A cos(2mkfyt + ¢, ) = X, + Re{E Xke'fz”"fo’}

k=1 k=1

x(1) = Lcos(27f,t = Z) + s cos(2x3 fyf = L) + ...
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