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Chapter 4, Section 4.5

K-Nearest Neighbor Classification



The nearest –neighbor classification rule

• Let Dn = {x1, x2, …, xn} be a set of n labeled prototypes

• Let x’  Dn be the closest prototype to a test point x; then, the 
nearest-neighbor rule for classifying x is to assign it the label 
associated with x’

• The nearest-neighbor rule leads to an error rate greater than the 
minimum possible: the Bayes rate

• If the number of prototypes is large (unlimited), the error rate of 
the nearest-neighbor classifier is never worse than twice the Bayes 
rate (it can be demonstrated!)

• If n  , it is always possible to find a labeled x’ sufficiently close 
so that:

P(i | x’)  P(i | x) 



Each cell defines the region “closest” to the training 

point in that cell.



Example: more than two classes

x = (0.68, 0.60) t

Decision: 
5

is the label assigned to x
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probabilities estimated
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If P(m | x)  1, then  the nearest neighbor 
selection is almost always the same as the 
Bayes selection



The k – nearest-neighbor rule
(k >= 1, k usually an odd number)

• Goal: Classify x by assigning it the label most 
frequently represented among the k nearest 
samples and use a voting scheme





Example:
k = 3 (odd value) and x = (0.10, 0.25)t

One voting scheme assigns the label 2 to x since 2
is the most frequently represented in the k=3 closest 
points
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Chapter 5:
Linear Discriminant Functions

(Sections 5.1-5.3)



Introduction

• In chapter 3, the underlying probability densities 
were known (or given)

• The training sample was used to estimate the 
parameters of these probability densities (ML, MAP 
estimations)

• In this chapter, we only know (assume we know) 
the proper forms for the discriminant functions: 
similar to non-parametric techniques

• They may not be optimal, but they are very simple 
to use

• They provide us with linear classifiers



Linear discriminant functions and 
decision surfaces

Definition

A function that is a linear combination of the components of x

g(x) = wtx + w0 (1)

where w is the weight vector and w0 the bias

A two-category classifier with a discriminant function of the 
form (1) uses the following rule:

Decide 1 if g(x) > 0 and 2 if g(x) < 0

 Decide 1 if wtx > -w0 and 2 otherwise

If g(x) = 0  x is assigned to either class (randomly)





•The equation g(x) = 0 defines the decision 
surface that separates points assigned to the 
category 1 from points assigned to the 
category 2

•When g(x) is linear, the decision surface is a 
hyperplane

•Algebraic measure of the distance from x to 
the hyperplane (interesting result!)





• The multi-category case

• We define c linear discriminant functions

and assign x to i if gi(x) > gj(x)  j  i; in case of ties, the 
classification is undefined

• In this case, the classifier is a “linear machine”

• A linear machine divides the feature space into c decision regions, 
with gi(x) being the largest discriminant if x is in the region Ri

• For two contiguous regions Ri and Rj; the boundary that 

separates them is a portion of hyperplane Hij defined by:

gi(x) = gj(x)

 (wi – wj)
tx + (wi0 – wj0) = 0

• wi – wj is normal to Hij and
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One can show that the decision regions for a linear machine 

are convex.  This restriction limits the flexibility and accuracy 

of the classifier


