Frequency response

FIR IR
M . N M
y[n] =# bx[n" K] y[n] =#ay[n" I]+#bx[n" k|
k=0 - %
(K] = $ b, [n#Kk] h[k]" &bAn$k]
! L Argh!
H (6) = # h[K]e™ o
i H ('6) = s h[k]e™
H (&)= 3be™ <
Easy to go from difference Tough to go from difegn.

equation to frequency response to freq. response because

because h[n] Pnite length and h[n] inPnite length,

h[n] = [bs, by,E ]. h[n]=f(a,b) is complicated,
andH () may be unbounded.



temporal space - n complex frequency space- z

y[n :ilay[n" 1] +iobkx[n" K] (D)= :gibkz"k ) %ﬂo(z z,)

hk n 8Zbk7#[n$ k] z-transform 1n 7’_ll__\ll(__akzk £(le 7 )
k=0 k=1 =0 >

Fourier i Arghl l

wansform — @#1 road block

H(O=3Hde" o H(")=H(¢)=H(2],.

H u rray! The frequency responseis

frequency space!-
H(z) evaluated on unit circle

Benebts of z-plane and z-transforms:

1. Get around road block by using z-plane and z-transforms.

Compute system function from dif}. coefbcients, then evaluate on the unit
circle to bPnd the frequency response.

2. z-plane (pole/zeros) will tell us if system stable and frequency response exists.

3. By using z-transforms, solution to d&f.goes from solving convolution in
n-space to solving algebraic equations in z-domain (easier).

And lots moré& !



InPnite signals

#
xn=aun] - x@=% a‘z*
X[n]=0 n<0 k=0 v\ 2 W\ 3
right sided —1+az'+ (az 1) + (az 1) K

geometric series

X(2) =1+ a7+ (a27)’ + (a2") K
-az'X(9)= " az*" (az')’" (az))

X(Z) = — m ‘az 1‘ <] region of convergence
or [z >d



InPnite signals

"1
nj="a""n" 1" x@z="$az"
x[n=0 n" 0 . 1:"#" 1 \2w [1.)\3
|eft sided - &t (52) (EZ)

geometric series

X(Z) = - ‘% Z‘ <1 region of convergence
1" az 1
or [4<|a



InPnite series:

. 1

x[n] = a’ u[n] X(Z) = 1" a7l ‘ Z‘ > ‘ 84 region of convergence
X[n]=0 n<0
right sided

vy n ] - 1
X[n] _ aru"'n"1 " x(2) =51 [2<[a

X[n]=0 n=0

left sided
Finite series:

X[ n] :a”(u[n" M]" un" |\|]) = X(2) = _I;IJ_-}_-lakz"k

(az)" * (az?)

1" az*

X(2) =

all z  region of convergence

lim X(2)= N #M



Equivalent ways to represent the system

@ N M X[n @ ' 9
y[ n] — # aly[n " I] + # ka[n ) k] " unit delay
=1 k=0 N%+ R

difference equation block diagram y[n]

=" C C inspection
M M
(3) , :@bkzﬁk &(2$2,)
— — = —_— | =
h[ n] - y[n] x[n]="[n] # H (Z) _ N $K N
impulse response 1% %a, z & (Z$ Zpi)
sequence k=1 =0
system function pole-zero
polynomial Iocations@
z=¢' C
@ All poles must be inside

ny _ A unit circle for H (")

H ( ) =H (e ) =H (Z) ~el" to converge and the system

frequency response to be stable. (causal system)
(FIR blter always stable)




Equivalent ways to represent the system

@ N M X[n @ ' 9
y[ n] — # aly[n " I] + # ka[n ) k] " unit delay
=1 k=0 N%+ R

difference equation . yIn]
q C inspection block diagram
x[nl="[n] C
M M
0 Kk
@ £ k—/(())ka$ i—Q(Z$ ZZ')
h[ n] = y[n] x[n]="[n] # H (Z) = - N $K = |:|
impulse response 1$ %a z & (Z$ Zpi)
sequence k=1 =0
@ system function pole-zero
polynomial Iocations@
z-e¢ C
@ The region of convergence must

" Contain the unit circle foH (o)
—_ ] —_
H ( ) =H (e ) =H (Z) ~el" to converge and the system
frequency response to be stable(general)
(FIR blter always stable)




2
Ex 1 , _Z°tz+1
H(zZ\=1+1iz- +17°=
( ) 3 3 3 322
y[n] =H(z)Z"
num=0 H(Z) =0 y[ ﬂ] =0 ZZ+z+1=0 ; Zeros
z=1(-1% J\/é) =g % roots of numerator
denom=0 H (Z) =" y[n] =" z°=0

poles

z=0,0 rootsof denominator

*FIR L point summer/averager
only has zeros on unit circle

FIR Plters-only-have-zeros
on-unitetrele—and poles
are either at O G*.
#poles=#zeros
(extraOzero/poles are at 2=

Hal L




1 FRETo
..o"O ’ ;o O‘-o'o 1
05 2 o
E O ] i? 0.5
] S SO . B SO
8 o 5 :
2 -. ; 6 0 e
- ) : s 0 05 1 1.5 2 25
2, o
Q 4 -
r Y N w 100
- 05 0 05 1 g ol
Real Part ﬁ
25-pt averager lowpass FIR blter g -100
= . ) .
*polesall at zero (or #) sy TR R L
*zeros evenly distributed on unit circle Hionnalized;Fraqueney: laetadsamile)
*missing zero at DC (lowpass)
@
2 © =3
3
15 2
| Z
AR -150 : : i i
:.3 05 55’ z @ 0.2 04 0.6 0.3
= o) 24 % Nomnalized Frequency [>r radisample)
% Dl msemansans OO O g ........... (o RRERRRITEY -
- O
Z-05 oy s g
.. .o m
_1 : . ﬁ
-1.5 B
-2 & -1000 : : i i
g 0.2 04 0.6 0.8
2 _1‘ 0 1 2 3 Nomnalized Frequency [»r radisample]

24-pt bandpass FIR blter ~ b=pr1(24, [.45 .65], bandpass):

*poles all at zero (or #)
*zeros not necessarily on unit circle
* Only pole locations affect stability




H2)I

3z°
+z+1=0 Zeros
+j2#
z=31"1+ J\/g) =g % roots of numerator
=0

poles

z=0,0 rootsof denominator

FIR blters have poles
at either at O o# .

#poles=#zeros
(extraOzero/poles are at z=".



[HEe)I.:]

system response |H(z)|

T T
el
T xtE"nd
o
‘ i
1 0.5 0 0.5 1
Real part

frequency response

H (") =H(e")=H(3

The frequency responseis
H(z) evaluated on unit circle

z=¢



Solving impulse response

yin]=x[n]" y[n" 2]
X[n]="[n]

iteration
y[0] = x[0]" y["2]=1" 0=1
yv[1]=x[1]" y["1]=0" 0=0
yI2]1=x[2]" y[0]=0"1="1
y[3]=x[3]" y[1]=0" 0=0
yi4]l=x[4]" ¥y[2]=0" ("1) =1

I\
Remember:
#M#bkz 2u :
H(z)=X(Z): o X(2) = z°" cosf)z

Y(2) z°" 2cos@)z+1

c

x[n] = cos(bn)u[n]

N
1"#az"
k=1

2 4

z-transform
Y(2)=X@)-2°Y(2)
[L+27)r@=x@)

Y(z 1
Y8
Y@ =H@X(E) = (1+1Z..2) X(2)

1 z°
Yia)= (1+ z"2) T+l

Inverse z-transform (lookup)

y[n]=h[n] = co§2" ngﬁ[n]
BASs PR
y[n]1={1,0,"1,0,1,K }



Solve difference equation o &
yin]=x[n]-y[n-2] h[n] = cos‘%ﬁ—n(u[n] impul se response
X[n]=u[Nn] stepinput

iteration
yl0]=Xx[0]" y["2]=1"
v[a] = x[1]" y[" 1]:1"
yv[2]=x[2]" y[0]=1"
V[3]=X[3]" y[1]=1" 1=

y[4]=x[4]-y[2]=1-0=1

p_x

convolution

1 1 1 1 1 1 1
O O O O o0 o
1 -1 -1 -1 -E
O 0O o0 0
1 1 1

I\



Z-transforms

yin]=x[n]" y[n" 2] x[n]=u[n]
y[n] Y(2)
1 Z n Z ) [ ] " 1
1 a un 1" az--l
Y(2) = X(@) - 7Y (2) X(2) = (1" az’)
1 1" z cog" n)uin] # z(z$cos")
2 Uj
Y =757 X@=H@X(@)  mutiplication Z $(20015 )z+1
(1+27) o &
1 1 co%@z n(uln] (1+ z"z)
Y(2) = .- p Sum of i
(1+27) (1" 27 incivicl Sngle rea
poles, or complex
" partial fraction expansion conjugate pairs of
.y poles. " y[n]
Y(2) = Y2 y2 1 z

Inverse z-transform (lookup)

1.1 #r & 1 #" g
Y[n]—§+500$§647n(+§cos%64—(n)1)(

) o) 2(e2)

1/2+1/2+0=1
1/2+0+1/2=1
1/2-1/2+0=0
1/2+0-1/2=0
1/2+1/2+0=1
1/2+0+1/2=1

oarrwWDNPEFO



Partial fraction expansion

residuals\4
Y(2 1 A . B
Z) = " " = " " "
(1+227)1" 327 (L+227) (17327
Sum of responses of
individual single real
poles, or complex
conjugate pairs of
We know: poles
single pole@ z=a complex conjugate poles
right sided sequence
1 n y
< a"uln Z(z" #cos$
1-az’ [n] = ((2#00s$)z)+ 2 % #' cos($n)uln]
2>/ .
2>
left sided sequence
1
_ # ] anu n nll 1
1" az 1 [ ]

4 <a]



Partial fraction expansion

1 A B

Y (Z) _ — + Sum of responses of
- " o " "1 T "1 individual single real
(1+ 27 1)(1 %Z 1) (1+ 27 ) (1 %Z ) :orcl)lie\g,grcjn:glgxr
conjugate pairs of
poles.
cross multiply
o) A" 32)+B(1+22")
Z) = :
Nl a1 We know:
(1+22 )(1 %Z ) right sided sequence
1 n
' collect terms 1" az"l # a u[n]
2>
Y(2)= (" $A+2B)z ' +(A+B) |eft sided sequence
22 et T
aZ

4 <a]



1

Y(2)= ; :
Oz 1)
A B
= T N We know:
(1+22 ) (1 A ) right sided sequence
———# a'uln]
_(3A+2B)2 +(ATB) AN
(1+22)(1" 2 |
left sided sequence
"3A+2B=0 A+B=1  maitch coefbcients L a'u["n" 1]
4 1" az*
Zl<|a
11 11
1
Y(2) = 8/11 N 311 _

(1+22) (1" 327 [L+27)1 327



Inverse z-transform

1
Y(2)= . .
@ (1+ 27 1)(1" 37 1)
— 8/11 + 3/11 We know:
(1+2z%) (1" 3z%)  poles:3/4,-2 right sided sequence
. < # a'uln]
Inversez(—éansform 1" az
yinl =2 (2)"un)+ 263 uln 2>|2 Z2>a
fr(
11 11%4 .
causal, unstable 'eftided sequence
- = # n anu[ll nII 1]
ROC 1" az
7 <[a
|
200 o
100 ]
0 oo b0 ©
-10 0 10




Inverse z-transform

1
Y(2)= - y
O 2 17Y)
= 8/11 + 3/11 We know:
(1+ 22"1) (1" %z"l) poles:3/4,-2 right sided sequence
1 —# a'uln]
Inversez—transformn 1" az
8 n 3(3
Vnl=-—(-2) u[—n—l]—l—l(z) u-n-1 |4<}3| 2>
] left sided sequence
anticausalunstable 1
N ——# "a'u["'n" 1]
1" az
4<ld]
5 T
/?_)\('1 - o
\ ! g °
LSS \\— /, Lss
0 o?oooooooom




Inverse z-transform

) (1+ 22‘1) +( —%z‘l) poles:3/4,-2

Inverse z- transform

_ 1
Y(2)= (1+ 27 1)(1" 3z 1)
8/11 311
] 8 n
yin] = E(

I

two-sided, stable

We know:
right sided sequence

1Il aZ

-# a'uln]

Z2>a

left sided sequence

1
1II aZ

# " anu[u nll 1]

4 <a]

0 peoooO 000

000000 g4

o

=10

0 10



Inverse z-transform

1
Y(2)= - -
O™ 2o 32
— 8/11 + 311 We know:
(1+227) (1" 3Z")  poles:3/4,-2 right sided sequence
1 —# a'uln]
Inverse z-transform 1" az
8, n 3(3)" 4>|a
Y[n]—l—l(—z) u[n]—l—l(z) u[-n-1] 3<[4" [4>2 eft siced sequence
not possible 1

< -a'u-n-1

1-az?

4 <a]



. Inverse z-transform

(1221 377)
_ 811 311
Tle22Y) [ 32

Y(2)=

poles:3/4,-2

Inverse z-transform

8 n 3(3)\
= (— — | = Zl>|2
y[n] 11( 2) u[n]+11(4) u[n] | | | | causal, unstable

_n 8 o\ a7 3 #3& " <|3 anticausglunstable
=" = (72) U 0" 7 e Ul n ) 4<3

11

yin]=" 1—81( 2)"u[" n" 1] +1_3:L§§§ u[n] 2|<|Z<|9 two-sided, stable

8, \n. . 3#H3& . |
y[n]:E( 2) u[n] —04( u"n"1j 2|<|Z" [4>|2]  not possible



Partial fraction expansion ||

47+ 7.6 4z+76 z° 4+7.62"
Y(Z) = n "1 = n "1 #Tl = n "2 "1
6z"+5+4z "6z "+5+4z z 6z°+5z +4
Must be in terms only of%
"1 "1
Y(2)= 4: 7'6%1 = 4T 7.6z . factor denominator into form
"6z “+5z " +4 (1+ 27 1)(4" 3z 1) (1+ plz"l)(l" pzz"l)
_ 1+1.9z*
(1+22)1" 32

A N B
(1+22) (1" 327
How to bnd A,B?

QroverugOmethod

o

Y(2) "(1+ 22#1) =

| "(1+22%) + "(1+227)

(1+27" (1#22%)

Y(2)"(1+227) = A+

=A+
z=#2 (1#

Y(2)"(1+ 27"




Partial fraction expansion ||

vip=_ A% 76z _  4+76z° __ 1+loz’
T (1+22)(4" 327) (1+227)1 $27)
__A B

(1+22%) (1" 327

_1+1.97°"

A=Y(@)(1+2z%) i3 = 0.03€
z=-2
B=Y((1" 22 .= %;12221; = 0.964

0.036 N 0.964
1+277) (1" 377)

Y(2)= (



Effects of azero

zeros: 0,0 zeros: 0,-1.9
_ 1 1+1.92°
Y(7) = _
(2) (1+ 57 1)(1.. 37 1) poles:3/4,-2 Y(2)= (1+ 27" 1)(1" ¥4 1)
0.73 0.27
= —__+ _ _0.036 0.964
pr2e) " (1 i2) YO 2] i)
y[n] =" 1%(" 2)"u"n" 1]+%§§—f‘n u[n] yin]="0.03§"2)"u[" n" 1]+ 0.9642)" u[n]
3 <ld<p
|Z| < |Z| < |2| zero at z=-1.9
. | close to pole at z=-2, ' |
pole® effect reduced o L o

(0.036vs. 0.727)

-0.5 '
" 0 10 two sided sequences




Partial fraction expansion |11

Y(2) = 4z+7.6 _ 4z+7.6 #E y e v of

"6Z"1+5+4Z "6Z"1+5+4Z - ust elntermsonyo Z
_ 47" +7.62
47° +57" 6

72 +1.9z factor into form (z-p1)(z-p2)

(Z+ 2)(2.. %) Hint: usematlab@® root command We Know:
1 right sided sequence
— AZ + BZ +C n ‘1 = IIZ # anu[n]
(z+2) (2" 3) 1"az® z"a
4>a
left sided sequence

- 1 - — "Z # " anu[u nll 1]
1"az" z" a

4 <a]



Partial fraction expansion |11

AZ+7.6z _ 7°+1.92

Y(2) = e ; We know:
47 +52" 6 (Z * 2) (Z 2) right sided sequence
__Az Bz . 1 - Z_ 4 aun]
(z+2) (2" 3) 1"az® z"a
“ 4>
~ _ 47% + 7 .67 ~ left sided sequence
C _Y(Z)‘Zzo - 2 " - O 1 — Z ] n n n
4z°+52" 6| _, T agl 7 # "aun"l1]
aZ Z a
n 3 2 7l < |la
Z -2 AZ+2) |,
2
A= YD(Z+2)|  _Z +"1.39z = 0.036
Z z="2 Z(Z Z) 7=




Partial fraction expansion |11

AZ+7.6z _ 7°+1.92

Y(2) = A o ;
4z°+52" 6 (Z+2)(Z 2) Vr\ilghl(gggsequence
4 n
_0.03& O'?6fz T a7l g_a > 2un]
(z+2) (2" 3) 4>[q]
left sided sequence
_n o\ 3\" 1 -2 4 "a"u[" n" 1]
yin]="0.03€"2) u[" n" 1]+ 0.9642) u[n] 1" a7l 7" a
7 <la
2<l4<[2

two sided sequence



Long Division

_ 1+19z° _ 1+1.97°
YO 52

n 3 "2 5 "1
SZ°+3z°+1

1+0.652 ' +0.6877 °+0.11& ®

=1+5z*" gz"2)1+1.9z"1
1+41.252 '" 1.5z 7
0.65z *+1.5z ¢
0.652 '+0.81% " 0.97% °
0.6872°+0.97% °

0.6872 °+0.85% °" 1.03% *

0.116z °+1.031z*
y[n]=4d[n]+0.65[n-1]+0.6PH[n-2]+0.125[n- 3]+L

compare

y[n]=0.03€" 2)" u[n] +(2)"0.964[n] ={1,0.65,0.69,012} n=0,1,2,3

right sided sequence

0 peoooooo0OO

=2

o

=10

10



Long Division

_ 1+19z° _ 1+1.97°
YO 52

ll§ "2+§ "1+
272 sz 1 |eft sided sequence

"1.2672" 1.723%%" 2.28%% +K
="1.572+1.25"" +1)1.9z"1 +1
1.97'1" 1.584" 1.2672
2.584+1.2672
2.584" 2.1547" 1.72% °

3.42%7 °+0.975 °
3.42%7°" 2.85%°" 2.2817 *

yin]="1.274n+1]" 1.724n+2]" 2.284n+ 3]+L

compare
y[n]="0.03¢"2)"u[" n" 1]" (£)"0.964[" n" 1]={-1.27, -1.72, -2.28}

n:{_]_’ _2’ _3} ) S|



Fourier
Series

Fourier Transforms

Compute spectrum of signals

? To " j 2kt
X, =— Px(t)e “"dt
TO 0

DTFT  H ('0) = $ h[K]e™
k=0

DFT

N"1 _
X[K] = $ »{ne M

n=0

Periodic in (cont.) time
Discrete freq

Discrete time
Periodic in (cont.) freq

Discrete & periodic time
Discrete & periodic freq



Discrete Fourier Transform
(DFT)

Compute spectrum of discrete-time periodic signals

DFT
N samples in time domain- N complex numbers in frequency domain
IDFT
N"1 .
DFT X[k] =P x[n]e ZH/Nn analysis
n=0
1 N | _
DFT  xn]==% X[k]e!Z*Nr" synthesis N
N o
I:[/ i~
N
! il
\ T
N A

DFT: sample continuous H(! ) (DTFT) at N evenly spaced frequencies




x[n] periodic with period N samples

N"1
X[n] = £$ X[K]e 12N composed of N frequencies
N, o harmonically related

N"1
DFT  X[KI=$ xlnles 8"
n=0

movex, toDC
original spectrum

I
ke
X

shifted spectrum



x[n] periodic

N"1
DFT X[k]=$ x[nje N

/

n=0
movex, toDC
original (aliased) spectrum
Xo
X .
X, - X,
X2
N *
0 2RIN o 2 2N g
| >$ aliases of negative frequency X
components X
_ >‘(1 X, X, 1
0 JT -

shifted spectrum



x[n] periodic

N"1
DFT X[k] = # X[n]e" j(2%k/N)n

?o

FIR low pass Plter to measure DC
(N point running sum, {1,1A 1})
zeros @ harmonics

shifted spectrum

X, X discrete spectrum
A
* X 0 X *
X[K] ‘ 2 ‘
O 2 " . O N/2 - i
FIR Plter w/ zeros K

at harmonics



x(nN={3 L 1 0} Impulse response of 3pt summer

N"1

X(k]=$ x[nje ‘AN :$ x[ n]e 2"

n=0 n=0

—X[O]+x[1]e j(2#/4) +x[2]e j(2#/4)2 +x[3]e j(2#/4)3

:1+e17 +e % y
3# ﬁ n ﬁ
( bl
“ g f
— 11} - #
_1+2[ \/5(1+J)] cos(zk) <L
check:
k=0, 1, 2 Ex=[11 1 0];
- " EX =fft
X[k1={3, "i, .} i
g I <2 3.0000 0-1.0000i 1.0000 O + 1.0000i
DC et e et Efftshift(X)
ans=
Note: 03 2$ 1.0000 0+ 1.0000i 3.0000 O - 1.0000i
ote. r >

only extract limited number of frequencies due to N samples per p



xinj={1, 1, 1, 0}

X[ K] = %1)([”]6” j(2#/N)n = $ X[n]e" i

n=0 n=0

=1+ 2[" V2(1+ j)]kcos(% k) <l

21k 4)n

X[k1={3, "i, 1, i}
0 e i(#12 e i(#) N @37#2
VLR = ING

Note: 03 >2$
only extract limited number of frequencies due to N samples per p



Redo like homework

xn]={1, 1, 1, 0}

N"1 3
X[k]=$ x[n]e M =P xn]e FH
n=0 n=0
1.. o 1(2%/4)3 1o g
1" e i(2#/a) 1— g ik/2
1"k
=~ kI O

()
X[k] Ee j(270/4)n

X[k]={3"i,1i}
k={0,1,2,3}

Eew 213

works okay if you have
x[N]@ =1 or complex exponentials

2
_$ e j(2#/4)n
n=0

Remember
%1ak _ 1|| a.N
k=0 1" a
k=0

Xy LT 12T,

Wil 2 :

X[ = 115 10 _
() 1
1" 1) _1+jl+j _142)"1_

ST (") 1" 1"jl+j  1+2




xin]={1, 1 1 0}

Padding

3 2

N-1 ) .
X[ k] — E X[ n]e— j(27k/ N)n— 2 X[ n]e—j(an/4)n — E X[n]e—j(anM)n x\ /T
n=0 n=0 n=0 .
Note: 0>! >2%
ow %S X[K] is sampled P
XK= {3 "i, 1 i _ »
[k] { by T } version of H('0) ()
o o 2# N time samples =
c " ' N frequency samples XK

H(®) =€'“(1+ 2cosm)



Padding

Pad x[n] to get moreamples of H((ﬁ)
X[n] = {11100000}

N"1

X[k] — $ X[n]e 2#k/N)n_$ X[n]e j(2#/8)n

n=0
= x[0] + x[Le
k=0, 1, 2,
X[k]={3 1.7-j1.7 -i
DC M "

2

n=0 n=0
2#k/8 + [2] 2#2k/8)
3, 4, 5, 6, 7

29+j2.9 1 0.29-j0.29 i 1.7+j1.7

||#

3[4 T gy 7 4

$ X[n]e j(2#/8)n

H('6) = €"'°(1+ 2cos't)



DFT Convolution

yinl* x(n] " Z(#) = Y(@®)X#®) " 4n]

sample frequency sample
domain domain domain

Y[k] sampled version of(")
Use DFT to compute Y[k] and X][K]
DFT IDFT

yin " x[n]# Z[k] =Y[K]X[K]# Zn]

circular
convolution



Problem:

z[n]=y[n]*x[n]

DFT

Z[k]:Y[kv]X[k]

IDFT

zPn]

DFT Convolution

. length N
. length N
. length N+N-1

n]
n]
n]
K]: length N
K
K

. length N
. length N undersamplefrequency

N < X N X< X

z®n]:length N aliased time samples



DFT Convolution

ex.

X[n] 1-1 1
X[n]=[1-11], y[n]=[1 2 3] W 12 3
zQnl=x[n]*y[n]=[1 1 2 -1 3] 12 3
1-2-3
_ 12 3
3pt DFT zZgn) 11 2 -1 3
X[K]=[1 1+j1.7321 1" j1.732]
Y[K]=[6 "1.5+j0.866 "1.5" j0.86¢ o /\
Z[K] = X[KIY[K]=[6 -3-[1.73 -3+]1.73 J
/]
/(/
zOn)=[1 1 2 -1 3] \f ;

Z'[K]=[6 1.43+j0.139 -1.93+j4.03 -1.93-j4.03 1.43j0.139]



Z[K] = X[K]Y[K] =[6 -3-j1.73 -3+j1.73

l 3pt IDFT
4k]=x[n]" y[n]=[0 4 2]

T T
4L
N
0
1 1 1 1 1 | 1 | 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
4 -
2 — T T —
; ?
1 1 1 1 1 \ /L 1 1 1 /
0 0.5 1 1.5 2 25 3 35 7 5
. / Y
a
22 T
0
1 1 1 1 1 1 1
ff 0.5 1 1.5 2 2.5 3.5 4 4.5 5

temporal aliasing
samplesvrap

Z'[K]=[6 1.43+j0.139 -1.93+j4.03 -1.93-j4.03 1.43j0.139]

l 5pt IDFT
zQn]=x[n]*y[n]=[1 1 2 -1 3]



Z[K] = X[K]Y[K] =[6 -3-j1.73 -3+j1.73

l 3pt IDFT
4k]=x[n]" y[n]=[0 4 2]

T T
4L
N
0
1 1 1 1 1 | 1 | 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
4 -
2 — T T —
; ?
1 1 1 1 1 \ /L 1 1 1 /
0 0.5 1 1.5 2 25 3 35 7 5
. / Y
a
22 T
0
1 1 1 1 1 1 1
ff 0.5 1 1.5 2 2.5 3.5 4 4.5 5

temporal aliasing
samplesvrap

Z'[K]=[6 1.43+j0.139 -1.93+j4.03 -1.93-j4.03 1.43j0.139]

l 5pt IDFT
zQn]=x[n]*y[n]=[1 1 2 -1 3]



DFT Convolution

ex

x[r;]:[]_ -110 0], y[n]:[]_ 230 ()] To avoid temporal aliasing, pad signal
so lengths ar@N-1

X[k] =[1 -0.118+j0.363 2.12+j1.54 2.12j1.54 -0.118- j0.363]

Y[k]=[6 -0.809-j3.67 0.309-j1.68i 0.309j1.68 -0.809+]3.67]
Z[K]=[6 1.43+j0.139 -1.93+j4.03 -1.93 j4.03 1.43j0.139]

Anl=x(n]" y[n]=[1 1 2 #1 3

If len(X)=N, lenly)=M, then pad so lengths are N+M-1



How does a Fast Fourier Transform (FFT) work?

2 Point DFT
N"1 o FFT is an efpcient
DFT  X[k]=$% X nle (2N N=2 way of calculating
o a DFT.

— X[ O] e" j(2#k/4)0 + X[l]e" j(2#k/2)1
= X[0]+ x[1]e" /™)

XlO1= {00 1 1 coefpcients
X,[1] = X[0]" X[1] 1 -1  block

FFT butter3y

a o ety A =g+ H
K — 2412
W = g'1(2#72)
0 —
- Wi W, =1
b - — = b) W]

-1
1 N2=4 mult




4 Point DFT

N"1

DET X[ k] _ $ X[ n]e j(2#/N)n N:4
riox[O]e (271 4)0 +x[1]e zra)s +X[2]e_j(2m</4)2 + X[ 3le 3
= X[0]+ x{1]e () + x[2]e 1) + x 3)e/(#Y

X[0] = x[0]+x[1]+x[2]+x[3] running sum

X[1] = x[0] + x[1]e ' &) + x{2]e' 1) + x[ 3] (%)
=X[0]" jx[1]" X[2]+ jx[3]

X[2] = x[0] + x[]_]e" i(#) 4 X[ 2]6" i(2#) 4 X 3]6" i(3#)
= X{0]" X{1]+X[2]" X[3]

X[3]=x[0] + x{1Je '1*) + x2]¢ 1) + x{ 3] (¥)
= X[0]+ jx[11" x[2]" jx[3]

X[4]= x[0]+x[2]e *) + x[2]e ") + x[3]e )

= X[0] + x[1] + X[ 2] + X[ 3] alias of X[O] N2=16 rggg
N2-N=12 adds



4 Point DFT
N" 1
DFT X[K] = $ x[n]e" j(2#/N)n N=4

= x[0]+ x[1]e ' + x[2]e" 1M + x1 3] (%Y

(0] = X[0]+ X[1] + X[2] + X[ 3] running sum
1] =X[0] - Jx[1] - X[ 2] + Jx[ 3]

2] =x[0]" x[1] +x[2]" X[3]

[3]= x[0] + Ix[1]" x[2]" Jx[3]

X X X X

X[4] = x[0]+X[1] + X[ 2] + X[ 3] alias of X[0]
X[5]=x[0]" jx[1]" x[2]+ x[3] alias of X[1]
periodic in frequency

only extract limited number of frequencies due to N samples per p



DFT

N=4 N=2
X,[0] = X[O] + x[1] + x[ 2] + X[ 3] 1111 X,[0]=x[0]+x[1] 1 1
XJ=X01" 0" 2+ 3] g | xm=do-xg 1 -1
X, [2]=x[0]" x[1]+x[2]" X[3] 1-1 1-1 a ) L
XA3= KO 0" 2" 3 1 1 | >,

even:xi[opx[2]
1111 XJ[0]=[x0]+x2]]+[X[1+X[3] = X,[0]orer
1-1 1-1 X,[2]=[X[0]+x[2]]" [X{2+ X[3]] = X,[eyen

K

WK = o 1(2#14)

recursive
4 Looks like a2pt FFT ore . |
LiT of combined signals o 2-point
odd: x[1,X[3] ” AR
1-1 — N o
_ _ Lookslike a2pt FFT -t 2-point
1 J-1- of combined signals . /\ vl | N
X,[11=[X[01" 21+ J[X(11" X[3]] = X,[0]oq FFT

X,[3 =[x[01" x[2]]" j[X[Y" X[3]] = X,[Uyqq fewer muttiplies/adas
N/2log,N=4 mult



DFT
N=4 N=2

X,4[0] = X[O] + X[1] + X[ 2] + X[ 3] 1111 X[0=x0]+x1] 11

X[ =X[0]- x[1] - X[2]+ |x[3] 1--1 ] X,[1=x[0]" x[1] 1 -1

X[2] = x[0]" x[1]+ X[2]" X[3] 1-1 11

X[3]=x[0]+ jx[1" x[2]" X[3] 1 j-1 -j ) >< ) e dmans

even:x[o),x[2]

1 1 1 1 x(0) »
1-11-1 x(1) »
odd: x[11,X[3] e
1-j+1 |
1 J _1 _j x(3) e ]

N/2log,N=4 mult

4pt FFT butterRy NIogN=8 adid



N"1
DFT  X[k]=$ xnje®*™M"  N=8

n=0
- X[O]e" i(2#14)0 x[1]e" (2B X[ 2] o' 1(2#I8)2 X[ 3] o 1(2#8)3

X[ 4] e" j(2#18)4 + X[ 5] e" j(2#k18)5 + X[ 6] e" j(2#18)6 + X[ 7] e" j(2#18)7
= X[0] + x[1]e ) 4 x[2]e )4 x[3]e (%4
x[4]e 1 + x(51e 17 + xi6]e (%) + x[ 71 (¥
X[O0] = X[O] + X[1] + X[ 2] + X[ 3]+ X[ 4] + X[ 5] + X[ 6] + X[ 7]

X[1=x[0]+2(1" j)x[4" ix[2]" 4 (L+])X(3]
"X(4]+ 32 (" 1+ [)X(5] + jX[6] + 4 (L+])X{7]

X[2]=X[0]" X[1]" x[2]+ x[3]+x[4]" ]X[S]" X[6]+ Jx[7]

running sum

X[3]= X[0]+ 2 (" 1" j)x[2]+ jx[2]+ 2 (1" j)x[3]
" X[4]+ 32 (1+ ))x[5]" jx[6]+3Z(" 1+ })x[7]

\ N2=64mult
N2-N=56 add



DFT

X[K]

N"1

X[k]=$ x[n]e "M

n=0

— X[0]+ x[l]e" i x[2]e i3 x[3]e" '

x[4]e

P RPRRRPRRERPPRBRP X
=l
1

)+ x[5]e

)4 x[6]e

(%K)
+x[7]e Y
1 1
)
i 1
E(1)
-1 1
E(1e) |
] -1
)

N?=64mult
N2-N=56 add



DFT

even:x[o],x[2],X[4],X[6] N=8 N=4
X[Nn]

X[k] 1 1 1 1 1 1 1 1 1111
1 g -1 1 g -1 1--1
e

j j j b1

odd: x[11,X[3],X[5],X[7]

1 2arg) 4 00| -1 i) ) 2x)
Lofer) ] g | ALY g ()
L) A gy |2 UECO) g e )
S LAt AR T IR R B )



x() « X{0)
w3

x(1) Xid)

x{2} » + X(2)
wh

x(3) » — X(6)

x(4) » - X(1}
we

x(5) X(5)

x(B) » X{(3)
we

x[7) * - + X{7

W8k — o i(2#8)

N/2log,N=12 mult
Nlog,N=24 adds






— n n The signal has same z-transform
yin]=x{n]" y[n" 2] as system. The signal isthe
Impulse response of the system

z-transform
H(z) = Y2 _ 1 — 2’ system zeros= roots(z*) = 0,0
— — — : 3 ) o
X(Z) (]_+ Z"Z) 72 +1 function poles=roots(z +1) = +j

Poles: values of z for inpu{n] =z" where outputy[n] =H(2)z"" #
Zeros: values of z for inpuk[n] = z" where outputy[n] =H(z)z"" 0

#o" & | |
y[n]=h[n] = Co%ﬁz n(u[n] signal J
z-transform 0:6
1 z°
Y(Z) = "2 = 2 0.2
(1+ < ) 2"+l : P
Poles: zlocationsof  y[n] =2" oal
Zeros: related to the magnitude and phase of Y[n] =Z" :0:8
The closer azero isto apole, the smaller L L - 0 - 1

the effect the pole. ' - Real pat



DFT Convolution

ex.
x[n] 1-1 1
x[n]=[1 -1 1], y[n]=[1 2 3] 1y 3
z[n]=X[n]*Yy[n]=[1 1 2 -1 3] 12 3
1-2-3
12 3
3pt DFT zlnl 11 2 -13
N"1 2
X[ K] :$ x[n]e" j(2#4/N)n :$ X[n]e"j(z;czk/s)n
n=0 n=0

— X[O]e" j(2#0/3)k + X[l]e" j(2#1/3)k + X[Z]e" j(2#213)k
=1" e" j(2#13)k + e" j(4#13)k
X[0] =1" ¢ (#1390 4 " I4#I80 — 1w 141 =1
=1 o 1(2#1 L g i(4#/31 —q 4 i1.732]
X[2]=1" e 13#/32 4 g 14#/392 =9 _ 1 7321

Pa

X[k]=[1 1+ )1.7321 1" j1.7321



3pt IDFT  Z[K] = X[K]Y[K]=[6 -3-j1.73 -3+j1.73

Nl

n] = $ Z[K]e' (@A/N)n $ Z[K]e 1/
:(Z[O]e (24019 1. Z[17e" 2#1’% “+Z[2]e 17#19¥) /3
=(6+("3" j1.73¢ 719 + (" 3+ j1.79¢ 1*19¥) /3

Y[0] =1+ 2e /37790 4 3¢ 14779 =142+ 3=6
Y[ =1+2¢ (%3 4 3 1413 = q 5 4+ j0.866
Y[2] =1+ 2 13#/3)2 4 3" 14#13)2 = v 1 5. j0.86€

Y[K|=[6 "1.5+j0.866 "1.5" j0.86§

X[k]=[1 1+ )1.7321 1" j1.7321



3pt DFT y[n]=[1 2 3]

VK =$ Ynje 1°4" zy[n]e%

n=0
— y[O]e" j(2#0/3)k + y[l]e j(2#1/3)k + y[2]e j(2#213)k

=1" Ze" j(2#13)k + Se" j(4#13)k
Y[0] =1+ 2e /37790 4 3¢ 14779 =142+ 3=6
Y[1] =1+ 2 1?#/9 4 3¢ 11413 = 1 5 + j0.86€

Y[2] =1+ 2 13#/3)2 4 3" 14#13)2 = v 1 5. j0.86€
Y[K]=[6 "1.5+j0.866 "1.5" j0.86§
X[k]=[1 1+j1.7321 1" j1.732]

Z[K] = X[K]Y[K] =[6 -3-j1.73 -3+j1.73

zOn)=[1 1 2 -1 3]

&

[

L™
Z0K] \ ]
Z[K] M |

Z'[K]=[6 1.43+j0.139 -1.93+j4.03 -1.93-j4.03 1.43j0.139]




InPnite signals

x(nj="a""n"1 X@="Paz" ="Ha"
_ " k="# k=1
X[n]=0 n" 0O . )
left sided ="$(lZ)k=1"$(iZ)k
k=1 ] k=0 ]
TR S 1" (1z)"1
() 11
"G 11
- - =




