Discrete Sinusoid w/ rational frequency
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y[n] — Sin(z " #% ml) n: samples
y[ n] =y[n+T] T=?? samples [integer]  50/3 # integer
y(t) =sin@" #/2#)
g — 1
£ T= 75 sec
;OZ continuous function
Ll periodic

Ts=1/25 sec
y{r] =sin(2" #2 #) 2" 2 4 _ 27K
y[n]=yIn+T] T=?? samples n 252
sin@) =sin(2'k)  k=12... k2

Equiv. discrete sinusoid not periodic  irrational number

n: samples

y[n] =sin@z- - n)

y[n] =yln+T]

T=7? samples

sin(0) = sin(27K)
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time (sec)

k=1,2...

periodic

2w 3 n=27K

n_
k

T=n=50 samples, k=3 cycles

Period of Sum of Sinusoids

Perlod of Sum of Sinusolds

S0samplet  Ratio of
3 cycle integers

rational number




T1=0.2 seconds, T2=.75 seconds

seconds to complete
cycles
T1=1/5 seconds

1/5s, 2/5s, 3/5s ...
4/20s, 8/20s, 12/20s,

16/20s, 20/20s, 24/20s, {

28/20s, 32/20s, 36/20s,
40/20s, 44/20s, 48/20s,
52/20s, 56/20s, 60/20s

15 cycles

Least common multiple

........ e seconds to complete

cycles

T2=3/4 seconds
3/4s, 6/4s, ...

15/20s. 30/20s,

45/20s, 60/20s
4 cycles

1/5%k=3/4%*]
k/1=15/4

rational number

Tsum=15*T1=15/5=3 seconds 1sum=4*T2=3/4*4=3 seconds

cartesian —» olar
p

3+j4= mei'a‘a"(%) =509

Tsum=3 seconds

Complex Conversions

polar — cartesian

205 =2c0s% + j2sin% =1+ jA/3

Complex Arithmetic

0 1 2 3 4 5 6
time (sec)
Tsum=3 seconds
Complex Conversions
cartesian —* polar polar —» cartesian
s=a+jb s=+/a? + b2el %) s=re/ S=rcos” + jrsin”
Complex Arithmetic
Addition cartesian (ay+ jby) + (ay + jby) = (a,+ a,) + j(by+by)
Subtraction cartesian (a+b)" (8, + jb,)=(a" @)+ (" b,)
Multiplication polar re 76 . r,e 162 = nre J(6,+62)
el o e
Division polar 1 R = Lgl#)
re:
jo\" — n_jnb
Powers polar (re ) re
Roots polar n

1/n4j(6 /n+2ak/n) k=012K n"1

ol

Addition cartesian (1+2)+(3+4)=(4+]o)
Subtraction cartesian (1+2)" (3+j4)=("2" j2)
Multiplication polar 5e'%-6et =5-6e' (511 _ 30 %
Division polar 108’ +5e/" = (1) 5% _ 27
Powers polar (361"%)3 _ g, ) _p7,71%)
Roots polar 72 =64 =64e’° je s

7= B4Y3i(013+2°KI3) _ gai(2°k13)

4074713




Roots polar Zn =S= I'ej = _ Roots polar n = sS=re 7 _ R
7o rl/nej(”/n+2#1</n) k=012K n-1 é: in rl/nej(ﬁ/n+2nk/n) k=012..n"1
Y4
Va {h6=16
2 "o o 2 -2 ? ? m
2:2=4  "2#2=4 , 2"2"2"2=16 "2#2#2#2=16
. r=2
12 - ya —4 soluti iR
Ni=4 4a-4 we expect n=4 solutions
| | |
(4e10)”2 _ 412 gl(0/2227K12) f ke (16ej°)”4 = 161/ gl (014+27k/4) I I
k=0 k=1 | k=0 k=1 k=2 k=3 T
= 2gi(27012) _ 2,27 =gl27074) —0elm4) = 2ei(272/4) 2el(27314)
=2/ _2el” =2¢el° =gl = 2el” _ gl
=2" -2 =21 =2-1j =2--1 =2--1j
=2 =2 =2 = ]2 =2 - _-]2
\/Z =12 we expect n=2 solutions JE =#2.#j2 Sj2mj2mj2mj2=—2--2-4
t(sec)| n I(rad) | cos(!)
Representations of Sinusoids o oty — 0 o [0 |
"o N 18 | 1 "4 | 0707
y(t) = cosp) o {7 ] 1/4 2 "2 0
sample rate: To=gsec 3 | 3 | 3vM |-0707
t-nT,
" j 27t +9 jé J2ft 4 o= 27 Discrete Sinusoid ;: 172 4 -1
ACOS(Z kfot + #k) Rq Ae } Ae Jo . [e +2(? vinl :Co;z,,.%.n) N ﬁ l 5/ 5 svm | 0707
_ Re{AeMeerm} - X- (ejzm +e—12nﬂ) "ot o w | 6 370 |o
- 2 y[n] = cosp) Com oy 1| 7 7" 14 | 0707
= Re{ Xe' } A O
6= 0
Acoq2"ft +#) cog2"t)

Fos



Continuous Sinusoid
y(t) = cos(2at)
" =2
Y(t) = cos(’)
Sample rate: To=§Sec
t=nT,
Discrete Sinusoid
y[n] = cos@r-1-n)
"ot

y[n] = cos(’)

Continuous Sinusoid
()= cos(2mt)
" =2
Y(t) = cosg)
Sample rate: Ts= Fsec
t=nT,
Discrete Sinusoid
y[n]=cos@r-%-n)

n_#
=%n

y[n] = cos@)

complex conjugate pairs

il T\

\4/]

_ X"

t(sec)| n I(rad) | cos(!) | exp(j!)
0 0 0 1 1+0j
178 1 "4 0.707 | 0.707+j0.707
1/4 2 "2 0 0+1j
3/8 3 3" /4 | -0.707 | -0.707+j0.707
12 | 4 -1 -140j
5/8 5 5" /4 |-0.707| -0.707-j0.707
3/4 6 32 |0 0+j1
718 7 7" /4 ]0.707 | 0.707-j0.707
1 3 2" 1 141
Acos(Z"ft+#) Cos{Z"t)
=Re{ A7) =Rde”"}
=Re{Aé¢ernﬂ} X=1e=1
=Re{ Xe"}
X=Aé"
complex phasor
amplitude
t(sec)| n I(rad) | cos(!) | exp(j!) exp(-j!)
0 0 0 1 1405 1-0j
1/8 1 "4 0.707 | 0.707+j0.707 | 0.707-j0.707
a1 2 "2 0 0+1j 0-1j
3/8 3 3" /4 | -0.707 | -0.707+j0.707 | -0.707-j0.707
12 | 4 -1 -140j -1-0j
5/8 5 5" /4 | -0.707| -0.707-j0.707 | -0.707+j0.707
3/4 6 32 |0 0+j1 0-j1
718 7 7" /4 10.707 | 0.707-j0.707 | 0.707+j0.707
1 8 2" 1 1+j1 1-j1
ACOE{Z"ft + #) cos(2 "t)
= a( LT IC) ) g e, S0l
2 & 2 )
Piat, 8124 _ o Ppian, Sizm §
& 2 =X
- J"
X = Ae complex X=1e1=1
amplitude

t(sec)| n 1 (rad) cos(!) | exp(j!)
Continuous Sinusoid > 0 0 0.262 0.966 | 0.966-0.259;
)= cos +i55) N 118 | . 0.500 | 0.500-j0.866
0= 271+ 155 1.047 - -500-j0-
¥(t) = cos(’) - 1 14 | 2 1833 | 0259 -0.259+j0.966
Sample ral?r: To=gsec L T 3/8 3 2618 -0.866 | -0.866-j0.500
t=nT, ’ ;
Discrete Sinusoid . 1 12 1 4 | 3403 |-096 | -0.966+j0.259
yn] = cos@r-3-n+15) ., 58 | 5 | 419 | -0.500| -0.500+j0.866
=i ! % 34 | 6 | 4074 | 0259| 0259+0.966
y[n] =cos0) ' 78 | 7 | 5760 | 0.866| 0.866+0.500
1 0.966 | 0.966-j0.259
Rotating Phasor 8 6.545 ]
w/ initial phase
0-0.262:
" e 15
Acos(Z ft+#) COE(Z t+m)
iy Ji 2m+ 151
R =Re{ Ad? ™7} —Rell i)
=Re{ Agl?el? RS
R
1 0
P = Re{ Xe*)
=Re{ X"}
X=Aé’ st s
complex  phasor X=1e 180 =g 180
amplitude
Representations of Sinusoids
j2rft+# ; i 25
Acog2"kfot + #,) Re Ae’?"*7} Ael? - (M
2
:Re{ Ae”’e””“} X (e et
- 2
= Re{ Xe! 2”“}

Sum multiple cosines same frequency

é A, cos(2"ft + #k) =§ Re{Akez"ﬁ*#k} _ é Re{Ake#kez"ﬂ}
k=1 k=1 k=1

= iRe{ Ae” } e

Ex.

3eligi2mi0t _ g G g2mdit 4 o afq2mdot

(3e"% #16"1% 4 2e%)e2"4°‘

5.23‘9j1.545€2” 40t
5.234cos(2" 40t +1.545)

k=1

3cos(2n40t + %) - 1cos(2n40t - %) + 200s(2n40t + %)



multiply cosines of different frequency

A, cos(w,t)- A, cos(w, + ¢)

e/wlt + e-]‘”ﬂ) (ej(w2'+¢) + e‘j(w2'+¢))
2

e
%(ei"ltej("z“#)+ei”.le$l'("z“#)+e$J'".teJ'("z“#)+e$i".te$i(":“#))
%(ej(".wzu#)+e$j("zt$".r+#)+ej<"zt$".r+#)+e$j(",r+"zr+#))

A (oo (7,47 )+ 4)+cof(* 18 )+ )

Composite signals (waveform synthesis)

X(t) = A + E Acos(27kf t + ¢, ) = X, + Re{z xkeertkfot}
P

k=1

decompose a periodic signal x(t) into a sum of a series of
sinusoids - the Fourier series.

Note: The sum of periodic functions is periodic.

ex.
"8

XK=L°/w2k2 k odd

& (0 k ever

fo =25Hz

Composite signals (waveform synthesis)

X(t) = A) + i& COS(ZJ'[fkt +¢k) = Xo + RE{ ii Xkejzmk:}

Consider harmonic signals
f,=kf,  Harmonics
X(t)=A +# A cos(28kft + 9p) = X, + Re{# Xke‘”‘“"}
k=1 k=1

Composite signals (waveform synthesis)

. & -
x(t)= A, +# A, cof28kf,t + %)= X, +Re # Xke’2$kf°':

k=1

k=1
8 ﬁ} 8
Xk - 0/%{2]{2 k Odd Xk _ $0'We k Odd
& 0 k even % 0 kK ever

k=1

x(r) =0.8105c04 2725t + 77)

A\ a a
f 06




Composite signals (waveform synthesis) Composite signals (waveform synthesis)

- - . & )
X(t) = A+ ¥ A cof2akfet + ) = X, + Ret >\ xkeﬂ"kfot} X(t) = Ay +# A cof28kf t + 99) = X, + Re'(# xkelz%t:
k=1 k=1 k=1 k=1
#8 %8 i
x =g K odd X, =grae® K o
% 0 k even ¥ o k ever
k=3 k=5
x(r)=0.8105c02" 25+ ") +0.0901cof2" 75 + ") x(r) =0.810%02" 25 + ") +0.0901cof2" 75¢ + ") +0.0324c0q2" 125 + ")

‘\\ Fourier Series
spectrum For a given signal, how do we find X, = A e’
for each k ?
WL 0.405% 0.4053e'" ‘
\/ “ Fourier Analysis
| ) X()= A+ Y Acos(2akft +¢,) = X, + Re{z Xke”“’k")‘}
k=1 k=1
< sl 1 where
2 4 1 TO
it 1 XO - ? f X(t) dt f,:fundamental frequency
1 “ | 00 T, =1/1,
0.045@" 0.0450e’" T
0 .
i - ] 2 12y
oo 1 [ oaa X, =— $x(t)e 7dt

L g o @ ? I I I ? @ . 0 o K T

(125 75 25 25 75 125 00

x(r) =0.810%02725¢ + ) + 0.0901cof2r 75t + 7r) + 0.0324c04 27125 + 1) + ..



Fourier Series

x(t)=t 0" t<T

0

’ &' )
x(t)= A, +# A, cof28kfyt + %)= X, +Re # xke'”kfo':

k=1 (k=1
1y
X, == " x(t)dt
To 0
To 2(To 2
ngt=L Y 21T _To
To o T, 2 T, 2 2
Mathematica:
athena%add math
athena%math

In[1]:=1/T*Integrate[t,{t,0,T}]
Out[1]:=T/2

Fourier Series

Mathematica:

oo 0% T T T

——fx@ezmm

In[2]:= 2/T*Integrate[t*Exp[-[*2*Pi*k*t/T],{t,0,T}] X« —*fte odt

1)k Pi
(-1+E ~2DkPi)T)

Out[2]=

Q2DkPi 2 2
2E k Pi

In[3]:= Simplify[%,Element[k,Integers]]
IT

Out[3]= ---- B O T
k Pi "k "k

. - -((-1+ etk _p jkn)T)
o=

271

" 2 j#k

e =1
— _1k

Fourier Series

x(t)=t 0" t<T,

XO =E cx
T 12#«/ J xe“dx =
X == gt
T ?e - jomk
j2kTo I T¢ TO
_ 22 2 1
o [ (- j2mkimo)? ]( 2Ty 15 -3)- To[(iZHk/’IO)Z }(_1)
T, (j2"k+1) 4 . T
X = 20 ( w22 )‘3#2] 4 2"ng
T, (i2"k+1) T, _
Xk=?0( 2|2 )#2"ng =1
=1
T0 2k T, T
Xk - 2k2 " 2k2 on 2k2
Fourier Series
x(t)=t 0" t<T, & )
x(t) = Ay +# A, cof28kf,t + %) = X, +Re # Xkef”kfo’fF
k=1 k=1
-
X, = EO
fo:fundamental frequency
xk=Tk i} T, =11,
#
x(1) = —" $ os(2”kf0t +3)
k=1
T, T T .
x(f) = 2° +-2coq2"for +5) + 2—?,cos(2" 2ft+5)+K
0.04
o f, = 25Hz
1L, \ T, =1f,=004
t
7 terms
0 o

. &
x(1) = Ag+ # A, co{28kfyr + %) = Xo + Ré( # xkef”‘fm?*
k=1 k=1 +

0 0.01 0.02 0.03 0.04
t 004,




Fourier Series
x(t)=t 0"t<T,

&' i)
x(t) = Ay +# A, cof28kf,t + %) = X, +Re # Xke/2$kf°’:

k=1

k=1
T
X,=—=2
° 2
Xk_ :!—0 ej%
k

] Defined between 0<t<0.04
Periodic with period 0.04

X X 0.04
~0.04 0.04,

Fourier Series:Square Wave

y " j2#kt
X, == Bl /’°dt+ $1e/ "t
Ty o

In[2]:=2/T*Integrate[ Exp[-1*2*Pi*k*t/T],{t,0,T/2} ]+
2/T*Integrate[- Exp[-1*2*Pi*k*t/T],{t,T/2,T}]

-1k Pi 1k Pi
I(1-E Yy ICL+E )
Out[2]= + @n ‘k# J@ 1+elk#z
k Pi 1)k Pi = * 2R,
E k Pi
- Q : w el 2 2
In[3]:= Simplify[%,Element[k,Integers]] J 1+( 1)k)2 X, = ]( 1 1) _ ]( 2)
— k# k#
k2 X=—— ;
A1 4(-1)) kot i IJG‘;
QU= e % = |-ime Kk odd
0 k ever i("1+1)
X =
k#

Fourier Series:Square Wave

$1 0"t<T,/2 " ' '
X(t) =%
&l T, /2" t<T, M o

t
. . 0.03
0 t

Ty

—fldt+—f 1dt

U 0 0 Tof

In[1]:=1/T*Integrate[1,{t,0,T/2}]+ 1/T*Integrate[-1,{t,T/2,T}]
Out[1]:=0

X, =0

1 0s<t<T,/2
x(t) =
-1 T,/2<t<T,

X, =0

. 4 A&t Kk odd
X %J@ k odd > Xk:{kf[

& 0 k ever 0 k ever

X(t) = A+ i A, cos(ZJzkfot + ¢k) =X, + R%i Xkejanfot}

k=1

X(t) = +cos(2"T,t# 5) + S-cos(2" 3T, t# 5) +

1

g
H
88

0.04

0.04,



