Causal FIR filter
y[n] = kMZObkx[n - K]
y[n]=box[n]+ bx[n-1]+K + by, x[n- M]

The output y at each sample n is a weighted sum of the
present input, x[n], and past inputs, X[n-1], x[n-2]...., X[n-M].

3 point average

y[n] :%x[n] +:—:;x[n —l] +:—13x[n —2]

x[n]={0 0 1.11 1.16 1.01 1.12 1.01 1.08 0 O}
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3 point average

causal running average or backward average
M

y[n] =# bx[n" K]
k=0

1 1
b():_ b1::_3 bz::_3

¥[] =%x[n] +%x[n 1] +%x[n ¥

difference equation
L=3 M=L-1=2
Length 3 2nd order

1 1 1
y[n] =§x[n] +§x[n -1 +§x[n -2

n=-2 -1 0
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1 1 1
y[n] =§x[n] +§x[n -1 +§x[n -2

An]={0 0 1.11 116 1.01 1.12 1.01 1.08 0 0}
n=-2 -1 0 1 2 3 4 5 6 7
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1 1., 1.
y[n] =§x[n] +§x[n 1 +§x[n 2

xn]={0 0 LIl 116 101 1.12 1.01 1.08 0 0}
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xn]={0 0 111 116 101 112 101 1.08 0 0}
n=-2 -1 0 1 2 3 4 5 6 7

y[7] :%X[7] +%x[6] +%x[5] :%O +%0+%1.08 =0.36

15 T T T T T T
1l
=
% TextEnd
05F
0 &
- -1 0 1 2 3 4
n
1 T T T T T T
o O&¢End
0 L L L L L L £
-2 1 0 1 2 3 4 \& 6 )7
15 T T T T T T T T
1L d
=
> TextEnd
05F 1
N
0 2 3 4

-2

N
-

running off data

1 1., 1.
y[n] =§x[n] +§x[n 1 +§x[n 2

n=-2 -1 0 1

6] =2 x[6] + 2af8] + 1o[4] =

xn]={0 0 LIl L6 101 1.2 1.01 1.08 0 0}

2 3 4 5 67

l0 + l1.08+ l1.01= 0.7C
3 3 3

lextEnd
5L

G
o
-
~
@

a UégEnd

1
TlextEnd
5

ol—e
N———o

G
-

running off data
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2 point difference

N _gl n" 0
x[n]= 1 "un] unl=% n<o

unit step function

© 06
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y[n] = x[n]" x[n" 1] finite difference
n, approximation to
xn]- 16 ] a derivative.

xnj={0 0 0 & £

Slo
=
o

derivatives enhance

=0 0 0 & & & H=20Tyn"q

noise (and high frequencies)

2 point difference

y[n]=x[n]" x{n" 1]

x[n] ::—;"u[n] ”["] ={; Zig

unit step function

Impulse response

M
y[n] =# bx[n" k] ~ FIRfilter

k=0
1 n=0 )
x[n] =d[n] = _ Kronecker delta function
O otherwise

l

- ntord 7

o &0 otherwise

impulse response

The impulse response is the output of the system when
the input is a delta function.



Impulse response

Wl =yn)=Seoln-k]  eki=sh X
n|— n|— n-— =
M= 40 & otherwist
_ k=n
h{n] = b, [n#0]+ b [n#1]+K +b,"[n#n]+K + b, "[M #1]
=bd[n-0] +b06[n -1 +K +5,0[0] +K +b,,6[M -]
=b,0+bH0+K +5,1+K +b,,0

1 z=0
0 otherwise

27 ={
=b,  impulse response

The impulse response is just the filter coefficients.
Finite length filter, finite impulse response (FIR).

Impulse response of 3 pt. average

y[n] =%x[n] +%x[n" 1 +%x[n" 2]

1 =0 .
x[n] =é8[n] = { " i Delta function
0 otherwise
] =2 ] + 5 Tn#g + 2 [n#2]
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Impulse response of 3 pt. average
y[n] :%x[n] +%x[n —1] +%x[n —2]

x[n] ="[n] =§1 n=0

i Delta function
09 otherwise
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Impulse response of 3 pt. average
y[n] =%x[n] +%x[n" 1 +%x[n" 2]

1 n=0

i Delta function
0 otherwise
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Impulse response of 3 pt. average

y[n]= lx[n]+ %x[n "1+ %x[n " 2]
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x[n]= [n]=$6 otherwise Delta function
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Response from 2 impulses

x[n] =4[n] +0.5[n-2] R
=0 010050 0
n="2 "1 01234

y[n] ibx[ﬂ k]
{b b bz} 4 2 1

EX

y[n] =

—

y[n]={0 0 box[O] blx[O] bzx[0]+b0x[2] blx[3] bzx[4]}
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Sum the responses of
each impulse

#1 n"0
"9 n<0

x[n] =0"Hn] + 55" An $Y + " An $2] + 5" Hn $ 3 + £"Hn $4]

Any discrete signal be thought of a weighted sum of delayed impulses

Response from 2 impulses

X[n]: [n] ) y[n] = #bkx[n K] 4y£n]=
=0 01010 qhn= {boblbz} 221 004 2 148 2
n="2 "1012 3 4

vl ={0 o njolx[a] hl)xo] h{2lx{o]+h{olx[2 hix[E hl2]x(a)

. ‘ ‘ ‘ ‘ X
0s ] y[2]=h[0]x[2" 0]+
x[n] oo ] h[1]x[2" 1]+
- 1; | h[2]x[2" 2]

o[ = S et

yln] Convolution sum

Convolution
M
y[n]=# bx[n" k]  FIR filter
k=0
#b n=01..M
h[n] = y[ ] ! impulse response

x{nl="[n] %)

|
yn]=# hK]{n" K]

k=0

otherwise

convolution sum

or
y[n]=h*x

The output y[n] is equal to the input x[n] convolved with
the unit impulse response h[n].



(n={o & & % % 0 0 hinl={3 § 3
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Mgl — y{n]=# HKkiXn" K — ] 1 wierdn 1 s
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n=0 1 2 3 4 5 6 hinj={¢ 2 i} o oS
?0 ’ 2an6tdin-21* ° (1)0 4%6*d[:121*h[ﬁ] °
0.5 0.5
% j9/16*d[n-3]“ 6 % 9;16*d[5;3]*h[§i 6

I T ‘1 '1

x[;]] * h[n] = 7] 0 T f o

0
10 2 1xdn-a) 4 6 10 F+dn-aphinf 6
0.5 0.5
0 0 ‘
) 2 4 6 0 2 2 6
X[nj=0*d[n}+1/16%d[n-1, VInJ=0*dnFhink+L/16+d[n-11hin]
| 621+ 9/16+dln-3]16/16°d[n-4] +4116*[n-21*hin]+9/16"dln-3]*in] +16/16*d[n-4]"hin]
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qnj={o % & % & 0 hinj={¢ 2 4 Anj={o % & & ® 0 O hinl={4 2 %
n=0 1 2 3 4 5 6 n=0 1 2 3 4 5 6

xn] [0 ] 1/16  4/16 9/16  16/16 0 0 x[n] 0 [1/16] 4/16  9/16  16/16 O 0
h[n] | 4/8 2/8 1/8 | h[n] 418 218 1/8

|0 0 0 | 0 0 0
| 4/128  2/128  1/128]




Anl=fo & & & 200
n=0 1 2 3 4 5 6

Mn={s §

xn] 0 116 [4/16] 9/16  16/16 O 0
h[n] 48  2/8  1/8]
0 0 0
4/128 2/128  1/128
| 16/128  8/128 4/128 |

ni=0 % % &% % 0 ¢
n=0 1 2 3 4 5 6

Mn={s §

x[n] 0 /16 416 916 [16/16] 0 0
h[n] 418 218 1/8 |
0 0 0
4/128  2/128  1/128
16/128  8/128 4/128
36/128 18/128  9/128

| 64/128 32/128 16/128]

y[n] 0  4/128  18/128 45/128 86/128 41/128 16/128

j={o & % % % 0 ¢ hinj={¢ 2 4}
n=0 1 2 3 4 5 6
xn] 0 /16  4/16 [9/16]  16/16 0 0
h[n] 4/8 28 1/8]
0 0 0
4/128  2/128  1/128
16/128  8/128 4/128
| 36/128 18/128 9/128 |
x[n]={0 % % 00 hin]={¢ 2 4}
n=0 1 3 4 5 6
xn] 0 /16 416 916  16/16 0 0
h[n] 4/8 2/8 1/8
0 0 0
4/128  2/128  1/128
16/128  8/128 4/128
36/128 18/128 9/128
64/128 32/128 16/128
yln] 0  4/128  18/128 45/128 86/128 41/128 16/128
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n 0 1 2 3 4 5 6
x[n] 0 @1/16 A 4169 P/16 16/16 0 0
h[n] 4/8¢28 A 18 O

00O 0@ 0 O@
4/08(2/128 AA 1/128 OA
16/12809) 8/128/94/128 OP
36/128 18/128 9/128
64/128 32/128 16/128

y[n] O 4/128 18/128| 45/128 86/128 41/128 16/128

{2 =402 0]+l +{2-1 +4[2][2-2

JAN A O (@)
y[n] =h*x
1 1 1 —
<0 5Te tEnd T ;0€e§d 0 5I’e tEnd
Q@@ L9 Ll ] ]
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n
nj={0 & & % i 0 0 hinj={¢ 2 11 L=3M=L-1=
n=0 1 2 3 4 5 6

X[n] =0"An] +£"AnSY +L"An$2] + 2" An$ 3+ L"#An$ 4]

h[n] :%'6[n]+§ S[n-1+1%-8[n-2]
y[n] Zﬁi h[k]x[n " k] convolution sum

y[0] = h[0]x[0-0] +h[1]x[0-1] +h[2]x[0-2] =4-0+%-0+%-0=0
V10 = IOJA[2* O + W+ ZJx[2" 2 = £+ 0+ 0=

128

y[2] =h[0]x[2" O] +h[1]x[2" 1] +h[2]x[2" 2]

v[2] = #h{K] 2" K

M
y[ n] = h[k] x[n " k] convolution sum
k=0

n]={0 & & % % 0 0 hinj={¢ 2 11 L=3M=L-1=2
n=0 1 2 3 4 5 6
X[n]=0"An]+L"An$1]+L"An$2]+ 2" An$ 3]+ L"An$ 4]

W[n] =4 -o[n] +3-o[n-1]+3-o[n -2

y[n] = E h[k]x[n - k] convolution sum

y[0] = h[0]x[0- O] + A[1]]x[0-1] + A[2]x[0-2] =4-0+2-0++-0=0

y[1] = h[O]x[1" O] + h[] x[1" 1] + h[2]X[1" 2] = £#L + 2#0+ 1 0= &
y[2]=h[0]x[2" O]+ h[1]x{2" 1]+ h[2]q[2" 2] = 4 #& + 2L + 140 = %
y[3 =h[0]X[3" O] + [ x[3" 1] +h[2]x[3" 2] =4 #ts +3#ts + 1tk = &5
y[4]=h[0]q]4" O]+ h[1]q4" 1]+h[2]x]4" 2] =+#e+ 2 # +1# =3
y[5] = A[0]x[5" O] + A[1]x[5" [ + h[2]x[5" 2] = §#0+ F#e + 3#5 = 3
y[6]=h[0]x[6" 0]+ h[1]x[6" 1]+ h[2]x[6" 2] =+ #0 + 2#0 + s #S = 1&



ql={0 & & & & 0 0 hinj={¢ 2 i}
n=0 1 2 3 4 5 6
x[n] 0 1/16 4/16  9/16 16/16 0 0
h[n] 4/8  2/8 1/8
x[n]*h[n] O 4/128 18/128 45/128 86/128 41/128 16/128
0 0.3125 0.1406 0.3516 0.6719 0.3203 0.125
MATLAB

»conv([4/8, 2/8, 1/8], [0, 1/16, 4/16, 9/16, 16/16])

ans =

0 0.0312 0.1406 0.3516 0.6719 0.3203 0.1250

LTI Systems

x[n]  ——» h[n]

y[n]=h[n]*x[n]

—

An] ——» hn]* hyfn]

X[H]H

yinl = hn]* hy[n]* x[n]

——>

h[n]+hy[n] —»

yin] = (h[n]+ h,[n])* x[n]

LTI Systems
y[nl=h[n]*x[n]
x[n]  ——» h[n] 5
yInl=hn}*h,(n]* x[n]
X[n] —> hl[n] L hz[n] L
hl[n] 41
* yin] = (h[n] + h,[n]) * x[n]
X[n]—» oO—*
.
h,[n]
LTI Systems

h[n] 41
+ yin]
xn]—» j ——— | hn] —
+
hz[n]




LTI Systems

yin]

Ml 0]+ h[n] o hyn]

Block Diagrams

ylnl=x[n-1]

X[l ——»f ynit delay ——>

y[n]=Ax[n]

x[n] —» ®4>

y[n]=x[n]+z[n]

x[n] —tQ;»

T+

z[n]

LTI Systems

xn]——»

hy* (hn] + hy[n])

Block Diagrams: Direct Form

x[n]=6[n] .,
={001000 0
n=-2 -1 01234

v =# bx[n" K
{bobubs} ={4.2.2

L=3,M=L-1=2

_O 61
h[n] = Jextend
02}

J[ n] = y[n]‘x[n]=§[l‘l]
={0 0 4 2
:{0 0 b() bl

e



Block Diagrams: Direct Form

G| R sl

k=0
0010000q [ {bbb}={533 =fo 04 %300
n="2 "1 01234 L=3, M=L-1=2 ={0 0 b, b b 00
y[n] =b0x[n] +b1x[n —l] +b2x[n —2]
x[n-1] X[n-2]
x[n] » unit delay » unit delay
bO b.l b2
b,x[n] bx{n" 1] b,x[n" 2]
+ |t +
> O
O * yln]
Block Diagrams to
Difference Equations
x[n] >
b, by \b,/
+ | F +
unit delay [ unitdelay |— » (O——»
VZ[n] vl[n] + yln]
v,[n]=b,Xn] v[n]=bx[n]+v,[n" 1] y[n] =bexX[n] +v,[n-1]

y{n =] + v[n" 1
vl[n] =blx[n] +v2[n " l]
vy[n] =byx[n]

Block Diagrams: Transpose Form

(] ="[r]

-Abln | =yl

0010000 [ {Bbb}-{{is =f0 03 %300
n="2 "1 01234 ={0 0 b b b 00
y[n] =b0x[n] +b1x[n —l] +b2x[n —2]
x[n] >
; ; ;
b,x[n] bx{n] box[n]
+ | F +
unit delay | » /~» | unitdelay
© * yln]
byx[n -1 b,x[n" 2]+ bx[n" 1]
Block Diagrams to
Difference Equations
X[n] >
b, b Y
+ | F +
unit delay | unitdelay |— » (O——»
vo[n] w[n] * yin]
Vz[n]= bzx[n] Vl[ﬂ] :QX[n] +V2[ﬂ—1] )’["] :box[”] +v1[n_l]

vl = byl +w[n"
vi[n" ] =bx[n" +v,[n" 2]

v2[11 " 2] =b2x[n " 2]



Block Diagrams to
Difference Equations

x[n] >
b, b, b,
+ | F ® +
unit delay | » unitdelay | » () »
] i ; yin]
v,[n] =b,X[n] vi[n]=bx[n]+v,[n" 1] y[n]=bx{n]+v[n" 1]

sl = boaf] + 1
vl[n —1] =b1x[n —1] + bzx[n - 2]

Block Diagrams to
Difference Equations

x[n] >
. . block diagram
b, b by
+ | F +
unit delay [ O unitdelay |— » (O——»
VZ[n] vl[n] + yln]
v,[n]=b,X[n] v[n]=bx[n]+v,[n" 1] y[n] =box[n] +v,[n-1]

y[n] =byx[n] +bx[n" 1] +b,x[n" 2] difference equation

h[n] =b,"[n] + b [n#1] +b,"[n#2] impulse response

equivalent ways
of describing system

x[n]

Block Diagrams to
Difference Equations

>
>

+ | F +
unit delay [ unitdelay |— » (O——»
va[n] wln] * yln]

v,[n] = byx[n] vi[n] =bx[n] +v,[n" 1]

y[n] =byx[n] +v,[n" 1]

y[n] =byx[n] + bx[n-1] +b,x[n- 2]

Block Diagrams to
Difference Equations

v[n] vi[n]

X[n] unit delay unit delay

'y[n]

v[n] = x[n] vi[n]=v,[n" 1] y[n] =bovy[n] + by,[n] + by [n-1]

y[n] =b0v2[n] + blvl[n] + bzvl[n —l]
vi[n] =v,[n-1]
va[n] =x{n]



Block Diagrams to Block Diagrams to
Difference Equations Difference Equations

Vz[n] Vl[n] vz[n] vl[n]
X[n] unit delay unit delay X[n] unit delay unit delay

by b, by b,
»O " > »O i >
+ yln] + y[n]
v.[n]=x[n] vi[n]=v,[n" 1] y[n]=by,[n]+bv,[n]+ by [n" 1] v.[n]=x[n] v[n] =v,[n-1] y[n]=byv,[n]+byv,[n]+ by [n" 1]
y[n] = bev,[n] + b, [n] + bv,[n" 1] y[n] = box[n] + bx[n -1 + bx[n -2
v,[n] =x[n] vi[n" 1] =v,[n" 2]
. vy[n" 2] =x[n" 2]
v[n]=v,[n"1]
vo[n-1=x[n-1]
Homework: .
3 point average
L-point running average yn] =%x[n]+%x[n" 1]+%x[n" 2] x[n]=sin@"n/15)#n] u[n]=§; :<3

for input sequence

L L-1 S
pS_1: y(:=¢ [ k;() (v ] x[n]=a"u[n], n! O

N IM_ | N+1
hint: X "= let z=n-k
k=M
k=n-z . : :
1 L-1 0.8l
E|: Z a’-u (z) ] i
n—z=0 0.4k X
L ni:(L— 1) o } remember n! 0 . T ]Z I L l
p5_6: FIR & delays Jﬁ

FIR and single delay

y[n]=ax[n]+bx[n-1]



